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KA¨HLER METRICS VIA LORENTZIAN GEOMETRY IN
DIMENSION FOUR
AMIR BABAK AAZAMI AND GIDEON MASCHLER
Abstract. Given a semi-Riemannian 4-manifold (M, g) with two distin-
guished vector fields satisfying properties determined by their shear, twist
and various Lie bracket relations, a family of Ka¨hler metrics gK is con-
structed, defined on an open set in M , which coincides with M in many
typical examples. Under certain conditions g and gK share various proper-
ties, such as a Killing vector field or a vector field with a geodesic flow. In
some cases the Ka¨hler metrics are complete. The Ricci and scalar curva-
tures of gK are computed under certain assumptions in terms of data asso-
ciated to g. Many examples are described, including classical spacetimes in
warped products, for instance de Sitter spacetime, as well as gravitational
plane waves, metrics of Petrov type D such as Kerr and NUT metrics, and
metrics for which gK is an SKR metric. For the latter an inverse ansatz is
described, constructing g from the SKR metric.
1. Introduction
In one of his open problem collections, S. T. Yau concludes a problem with the
question
“Can one go from complete Ka¨hler manifolds
back to physically interesting spacetimes?”
([37, Problem 89]). This study makes a contribution mostly in the opposite
direction, by constructing Ka¨hler metrics from Lorentzian 4-manifolds equipped
with associated data.
To be sure, Yau’s question is written in the context of the effort to make sense
of the transformation between metrics known as Wick rotation. In contrast,
the construction method presented in this study, which applies in arbitrary
signature, is different, and more involved, than Wick rotation. But it is invari-
antly defined, and its two variants can be carried out on a variety of classical
spacetimes, such as de Sitter, Kerr and gravitational plane waves. For one class
of Ka¨hler metrics, which includes the extremal metric conformal to the Page
metric, we give a kind of inverse construction: the Ka¨hler metric is the input
data for an ansatz producing Lorentzian 4-manifolds, for which the construction
method recovers the Ka¨hler metric on an open dense set.
In some cases the construction yields complete Ka¨hler metrics, or ones that
extend to a larger compact manifold. There are also curvature-distinguished
Ka¨hler metrics, such as Ka¨hler-Einstein ones, that arise from this construction.
Some of those are described in the sequel [2] to this work.
2It is well-known that a Lorentzian metric is never compatible with any given
almost complex structure. Thus relating notions of Lorentzian and complex
geometry is not a straightforward process. Attempts to achieve this date back
at least to the 1960’s, and one of its most well-known outcomes is the invention
of twistor theory. Connections relating Lorentzian geometry specifically to
Ka¨hler geometry have also been made, some focusing on analogous structures
in the two geometries, partly based on considerations from spin geometry [19,
6, 35, 27]. Our construction links the two geometries more directly, and is given
in terms of standard differential geometric data, but is closely related to some
of the papers just cited, and especially to [26]. It is of interest that Flaherty’s
classical manuscript [17] also attempts such a direct link, and so we devote a
few paragraphs to historical comments in Section 11’s introduction, describing
his approach and its relations to ours.
In more detail, given an oriented four-manifold with a semi-Riemannian metric
g and two distinguished vector fields k, t satisfying certain “admissibility”
conditions (Definition 4.1), we construct an integrable almost complex structure
and a family of exact symplectic forms. Fixing one such form, it will compatible
with this complex structure and thus yield a Ka¨hler metric gK on some open
set (see Theorem 3, Remark 4.2 and Proposition 11.1). In favorable cases,
which include almost all of our examples, this open set coincides with the
whole manifold. Such a Ka¨hler metric is not always complete, but we do give
complete examples (see subsection 9.5).
In the case g is Lorentzian and k is null with a geodesic flow, such symplectic
forms were defined by the first author in [1], which constituted the original
motivation for this study. As noted there, nowhere vanishing of the twist oper-
ator of k played a main role in guaranteeing nondegeneracy of these symplectic
forms The twist operator is a so-called optical invariant, first introduced in
General Relativity [32]. Unlike standard versions, our notion of an optical in-
variant will be defined relative to the direct sum decomposition of the tangent
bundle. (see subsection 2.1).
Integrability of the complex structures is guaranteed when both a “horizontal”
and a “vertical” condition hold. (see Theorem 1). The horizontal condition
is given in terms of the shear operators of both k and t, shear being another
optical invariant. In the shear-free case (where both operators vanish), a second
almost complex structure respecting the opposite orientation is also integrable,
and the Ka¨hler metrics are in fact ambihermitian, in the sense of [5], and at
times even ambiKa¨hler. The shear-free condition for a single vector field and
its relation to integrability of almost complex structures was studied in [9, 8].
We also give an example of a Lorentzian Lie group admitting Ka¨hler metrics in
accordance with our construction, with neither shear operator vanishing (see
Section 12).
The vertical condition for integrability can be broken up to relations, some of
which hold in special geometric cases: when the vector fields have a geodesic or
3a pre-geodesic flow and are of constant length, or when they are Killing. Many
of our examples are of these types.
Theorem 2 is an enhanced version of Theorem 1 where a necessary and suffi-
cient condition of integrability is given when the complex structure satisfies an
additional condition we call split-adjoint. Formula (VIII.5) in [17] contains a
Newman-Penrose version of the conditions of Theorem 2, suitable for the case
where k, t are part of a null tetrad (a special type of frame). In some of our
examples the frame is not of this type (see also Remark 3.6).
Ricci curvature computations of some of these Ka¨hler metrics appear mostly
in [2]. However, under certain assumptions, most crucially that the manifold is
contained in the total space of a holomorphic line bundle, we give here formulas
for the Ricci and scalar curvatures of gK in terms of data associated with g, k
and t (Section 6). Additionally, a result in [10] allows us to relate completeness
of gK with the completeness of the integral curves of k and t, when these
have a geodesic flow (subsection 5.3). Finally, we describe a case where gK is
itself admissible in the above sense, and the whole construction can be iterated
indefinitely (subsection 5.2).
Lorentzian metrics inducing Ka¨hler metrics which are SKR are given in Sec-
tion 8. The latter were first introduced in [14], in the context of the classification
of conformally-Einstein Ka¨hler metrics (Section 8). Examples of SKR metrics
on compact manifolds exist, and, as mentioned above, for those the ansatz
produces an admissible Lorentzian metric on an appropriate open and dense
set.
In Section 9 we give a general construction of admissible Lorentzian metrics,
given as a warped product with a one-dimensional base, where the fiber is any
3-manifold possessing a geodesic vector field with certain prescribed optical
invariants. A number of examples of this construction are then given, one of
which is de Sitter spacetime, and another derived from a pp-wave metric in
dimension four. We then describe an example which is not a warped product,
where the admissible Lorentzian metric is a gravitational plane wave (Section
10).
For metrics of Petrov type D, we give in Section 11 three examples in which the
theory is implemented and produces Ka¨hler metrics: the Kerr metric, a class of
NUT metrics and a metric conformal to the Kerr metric. The first two of these
examples require a different variant of the construction of an associated Ka¨hler
metric. The complex structure for the NUT metric was first described in [17].
Dixon [16] has recently studied another Ka¨hler metric Wick-rotated from the
Kerr metric on a domain in Kerr spacetime, and showed it is ambitoric (see
also [4]).
Various mechanisms in which one varies an admissible Lorentzian metric and
still produces the same Ka¨hler metric gK are given in Section 7. This raises
the issue of determining the set of all possible admissible metrics giving rise
to a given gK . We do not pursue this question here. What is clear from our
4viewpoint is that the possibility of expressing gK via g is realized in a large
variety of examples. It also provides an effective means of calculation of first
and second order properties of gK , as presented here and in [2].
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2. Shear and twist
In this preliminary section we introduce variants of the notions of shear and
twist, the optical invariants that will have a significant role in what follows.
After describing their expressions in appropriate frames, we compare our ver-
sion to the more standard one for null vector fields with a geodesic or pre-
geodesic flow. We then describe a few known applications valid especially for
3-manifolds, which will be needed in Section 9.
2.1. Relative versions of shear and twist. Our notions of shear and twist
will differ somewhat from their common usage in the Physics literature, and
also from mathematical references such as [9]. The need for these atypical
definitions arises, in small part, from their application to vector fields on semi-
Riemannian manifolds which may not be null, or even of constant length. But
more importantly, the difference is attributed to the fact that we consider
two (pointwise linearly independent) distinguished vector fields, rather than
just one. Thus our shear and twist will be defined not with respect to the
orthogonal complement of a single vector field, but relative to a decomposition
of the tangent bundle into an orthogonal direct sum of distributions, one of
which is spanned by these two vector fields. Specifically, for a semi-Riemannian
manifold M , let
TM = V ⊕H (1)
be an orthogonal decomposition of the tangent bundle into two (necessarily
nondegenerate) distributions V, H. Let π : TM → H be the projection relative
to this decomposition, and let ∇ denote the Levi-Civita connection of M .
Definition 2.1. Let X be a nowhere-vanishing vector field taking values in
V. The relative shear operator and relative twist operator of X are defined,
respectively, as the H → H operators given by
relative shear: ∇oX := trace-free symmetric part of π ◦ ∇X∣∣
H
,
relative twist: ∇sX := skew-symmetric part of π ◦ ∇X∣∣
H
,
where ∇X refers to the linear operator v 7→ ∇vX on the tangent bundle. If
∇oX or ∇sX vanishes, then X is shear-free or twist-free, respectively.
These relative optical invariants will be applied throughout most of the paper,
and we will often omit the term “relative” when using them.
In all our applications the rank of H will be two. In this case the following
related entity is real-valued, and will play an important role.
5Definition 2.2. The (relative) twist function of X is
|ι| = |ιX | := 2
√
det(∇sX).
If ιX is nowhere vanishing, then the flow of X is called everywhere twisting.
The reason for the notation |ι| is that the twist function is the absolute value
of a function ι defined in the next subsection with respect to an orthonormal
frame of H.
In our most common application, the manifold will be Lorentzian of dimension
four, and admit an almost complex structure. Then V will be the complex span
of some vector field X. In this Lorentzian setting, we will always choose V to
be timelike, so that H = V⊥ will be spacelike, i.e. g∣∣
H
will be positive definite.
2.2. Frame representation. In the setting of the previous subsection, assume
H has rank two, and let x , y be an ordered orthonormal frame for H. Then at
each point, the matrix of π ◦∇X∣∣
H
(like that of ∇X∣∣
H
) with respect to {x ,y}
is given by
[π ◦ ∇X|H]x ,y =
[
g(∇xX,x ) g(∇yX,x )
g(∇xX,y) g(∇yX,y)
]
·
Thus the shear operator of X is
[∇oX]x ,y =
[−σ1 σ2
σ2 σ1
]
, (2)
where the entries are the shear coefficients
σ1 :=
1
2
[
g(∇yX,y)− g(∇xX,x )
]
=
1
2
[
g([X,x ],x )− g([X,y ],y)
]
,
σ2 :=
1
2
[
g(∇yX,x ) + g(∇xX,y)
]
= −1
2
[
g([X,x ],y) + g([X,y ],x )
]
·
(3)
While these coefficients are frame-dependent, σ21+σ
2
2 = − det∇oX is an invari-
ant quantity.
The twist operator of X is given in this frame by
[∇sX]x ,y =
[
0 ιX/2
−ιX/2 0
]
,
where
ιX = ι := g(∇yX,x )− g(∇xX,y) = g(X, [x ,y ]). (4)
As with the shear coefficients, (ιX)2 = 4det∇sX is invariant, namely it is the
square of the twist function.
Remark 2.3. Starting from Section 3 and throughout the paper, the distribution
H will always be oriented. We will use this to fix the sign of ι by the convention
that ι is always computed as in (4) with respect to an oriented orthonormal
frame, oriented to agree with the orientation of H.
Note that relations (3) have interesting consequences. For example, if X is a
vertical field with respect to a submersion, while H is its horizontal distribu-
tion, then X is shear-free, because the bracket of a vertical vector field with a
horizontal one is vertical.
62.3. Classical shear and twist. We compare here our versions of relative
twist and relative shear with more standard notions (see e.g., [34] and [29,
Chapter 5]). These standard notions will generally not be used further, except
for a version which applies to Riemannian 3-manifolds, see below.
Recall that a vector field k on a semi-Riemannian manifold (M,g) is null if
k is nowhere vanishing and g(k,k) = 0. The fact that k is null, or more
generally its having constant length,1 implies that ∇k is well defined as an
operator k⊥ −→ k⊥, where k⊥ is the distribution orthogonal to k. The analog
of the operators on H from previous sections is here an operator on the quotient
bundle:
D : k⊥/k −→ k⊥/k, [v]→ D([v]) := [∇vk],
where [v] denotes the equivalence class containing v. But there is a caveat: in
order for this quotient bundle endomorphism to be well defined, k must have
pre-geodesic flow :
∇kk = αk for some smooth function α on M . (5)
With this requirement, the (non-relative) shear and twist operators of k are
now defined as before, as the trace-free symmetric or antisymmetric parts,
respectively, of the operator D. The relation between these and their relative
versions, is that H in Definition 2.1 is the image of a chosen embedding of k⊥/k
into k⊥, which yields an isometry (k⊥/k, g¯) → (H, g∣∣
H
). In the non-relative
null pre-geodesic case, the optical invariants are independent of the choice of
H; whereas they do, in general, vary with H in Definition 2.1.
Remark 2.4. Throughout the paper, if equation (5) holds, k will be called pre-
geodesic; if α is not identically zero it will be called strictly pre-geodesic, and
geodesic if ∇kk = 0.
Let (N, g) be a Riemannian 3-manifold, k a vector field on N of unit length;
note that k ⊕ k⊥ = TN . In a similar manner to the case of a null geodesic
vector field, the endomorphism
D : k⊥ −→ k⊥ , v ∈ k⊥ 7→ D(v) := ∇vk, (6)
is well defined because k has constant length. In terms of an orthonormal frame
{x ,y} of k⊥, the shear and twist of k are still given by formulas (3) and (4).
2.4. Preliminary applications in dimensions 3 and 4. For a Riemannian
3-manifold (N, g) with k, x , y as in the previous section, Frobenius’ theorem
implies that ιk, given as in (4)
ιk = g(k, [x ,y ]),
vanishes identically if and only if the orthogonal complement k⊥ of k is in-
tegrable. We will be interested in the diametrically opposed situation where
the frame independent twist function |ι| is nowhere vanishing, so that k⊥ is
nowhere integrable: at any p ∈ M , there is no embedded submanifold S con-
taining p such that TqS = k
⊥
q for all q ∈ S. We record this analysis together
with a related result, proven in [21].
1By “length” of k we will almost always mean g(k,k).
7Lemma 2.5. If a unit length vector field k on a Riemannian 3-manifold is
complete, has geodesic flow, and Ric(k,k) > 0, then k⊥ is nowhere integrable.
The latter occurs if and only if k is everywhere twisting.
Next, we record the following well-known lemma, omitting its standard proof.
Lemma 2.6. A unit length vector field on a Riemannian 3-manifold is a Killing
vector field if and only if it is geodesic, divergence-free, and shear-free.
These last two lemmas will be applied only in Section 9.
Returning to the setting of a null vector field k with pre-geodesic flow on a
Lorentzian 4-manifold (M,g), analogous results hold. First, integrability of k⊥
is still equivalent to the vanishing of the twist function of k. Indeed, letting
{k,x ,y} denote, as before, a local frame of the orthogonal complement k⊥,
with x ,y being two orthonormal vector fields orthogonal to k, it follows by
Frobenius’ theorem that k⊥ is integrable if and only if
g(k, [k,x ]) = g(k, [k,y ]) = g(k, [x ,y ])︸ ︷︷ ︸
ι
= 0.
However, as k is null and pre-geodesic, g(k, [k,x ]) = g(k, [k,y ]) = 0, as can be
seen by writing the Lie brackets using the (torsion-free) Levi-Civita connection,
and applying its compatibility with the metric. Therefore, just as in the three-
dimensional Riemannian setting, on a Lorentzian 4-manifold the integrability of
k
⊥ of a null pre-geodesic vector field k is completely determined by the vanishing
of the twist function |ι| = |g(k, [x ,y ])|. Moreover, an identical and well known
result to Lemma 2.5 holds; see, e.g. [1] for a proof.
Lemma 2.7. If a null vector field k with geodesic flow on a Lorentzian 4-
manifold is complete and Ric(k,k) > 0, then k⊥ is nowhere integrable. The
latter occurs if and only if k is everywhere twisting.
3. Almost complex structures and integrability
In this section we introduce a key component of this work, namely an almost
complex structure attached to a semi-Riemannian 4-manifold equipped with
certain data involving two vector fields. We investigate its integrability and
related properties.
3.1. Admissible almost complex structures. Let (M,g) be an ori-
ented semi-Riemannian 4-manifold, with two vector fields k+, k−. Let
V := span(k+,k−) denote the distribution spanned at each point p by k+|p,
k−|p. We assume that
k+, k− are everywhere linearly independent, (7)
and
H := span(k+,k−)⊥ is spacelike. (8)
Remark 3.1. Note in particular that k± then have no zeros. Condition (8)
means that g
∣∣
H
is positive definite at each point, in particular it is pointwise
8nondegenerate, which also implies that g
∣∣
V
is pointwise nondegenerate. This
last condition together with (7) are equivalent to
A :=
[
g(k+,k+) g(k+,k−)
g(k−,k+) g(k−,k−)
]
is everywhere nonsingular, (9)
Thus (7) and (8) are equivalent to (9) and (8). Finally, if g is Lorentzian, (8)
is equivalent to
V = span(k+,k−) is timelike, (10)
i.e. g
∣∣
V
has Lorentzian signature at each point. In that case (10) implies
G := det(A) < 0. (11)
We consider an almost complex structure J = Jg,k± on M defined as follows.
First, we set Jk+ := k−, Jk− := −k+ and extend these relations linearly
on V. Second, we note that the restriction of g to H is positive definite, and
H inherits an orientation because M is oriented and the ordered pair k+, k−
induces an orientation on V. We thus define J∣∣
H
to be the unique endmorphism
of H whose square is minus the identity, which is additionally an isometry of
g
∣∣
H
and respects the orientation on H. Finally, we define J by extending J
∣∣
V
,
J
∣∣
H
linearly on TM = V ⊕H.
Definition 3.2. An almost complex structure J = Jg,k± on an oriented
4-manifold is called admissible if it is constructed as above, using a semi-
Riemannian metric g, and two vector fields k± satisfying (7), (8). If the
integrability relations (12) below also hold, J will be called an admissible
complex structure.
3.2. Integrability. Integrability of an almost complex structure implies the
manifold admits complex coordinates. It is defined by the vanishing of the
Nijenhuis tensor
N(a, b) = [Ja, Jb] − J [Ja, b]− J [a, Jb] − [a, b].
We now give sufficient conditions for integrability of an admissible almost com-
plex structure.
Theorem 1. An admissible almost complex structure J = Jg,k± is integrable
if the following three conditions hold:
i) [k±,Γ(H)] ⊂ Γ(H), ii) J∇ok+ = ∇oJk+ on H. (12)
The notation of i) means that the Lie bracket operation with k+ or k− sends
any vector field in H to another such vector field. The shear notation in ii) is
as in Definition 2.1.
Note that condition ii) is invariant under multiplying both vector fields k±
by a common factor, while conditions i) are not. This has the consequence
that the conclusion of the theorem still holds if conditions i) are replaced by
the requirement that they hold instead with k± replaced by some common
nowhere vanishing multiple of themselves.
9Proof. We examine the Nijenhuis tensor of J for a frame {k±, x±}, where
{x+,x−=Jx+} is an oriented orthonormal frame for g
∣∣
H
. Clearly N vanishes
on any pair a, Ja. The relation N(a, b) = JN(a, Jb) along with the antisym-
metry of N(a, b) imply that it is enough to check the vanishing for the pair k+,
x+.
We thus analyze
N(k+,x+) = [Jk+, Jx+]− J [Jk+,x+]− J [k+, Jx+]− [k+,x+]
= [Jk+,x−]− J [Jk+,x+]− J [k+,x−]− [k+,x+]. (13)
Conditions (12)i) along with the J-invariance of H imply via (13) that
N(k+,x+) is a section of H.
Next, taking the inner product of the right-hand side of (13) with x+, while
employing the fact that g
∣∣
H
is hermitian, we arrive at the following expression:
g(N(k+,x+),x+) = g([Jk+,x−],x+) + g([Jk+,x+],x−)
+ g([k+,x−],x−)− g([k+,x+],x+)
Referring now to the shear coefficient expressions (3), the above yields the
following two equalities, the second obtained in analogy with the first:
g(N(k+,x+),x+) = −2σk+1 − 2σJk+2 ,
g(N(k+,x+),x−) = +2σ
k+
2 − 2σJk+1 ,
where the shear-related notations are as in Section 2.2. Since the action of the
shear matrix (2) on each of the standard basis vectors in R2 yields (−σ1, σ2)
and (σ2, σ1), respectively, the last two equations yield the invariant formula
ιk+N = 2(∇ok+ −∇oJk+ ◦ J) on H. (14)
In fact, they yield equality of both sides on x+, and we obtain it on x− because
of both N(k+,x−) = −JN(k+,x+) and the fact that J
∣∣
H
anticommutes with
any trace-free symmetric operator P acting on H. This last fact holds since J
makes g
∣∣
H
hermitian, so that the adjoint of PJ is −JP , while the trace-free con-
dition implies g(PJx+,x−) = g(Px−,x−) = −g(Px+,x+) = g(PJx−,x+),
so that PJ is also self-adjoint.
By applying the last mentioned fact to (14), the theorem follows. 
A generalization of this theorem will appear in subsection 3.4.
Remark 3.3. If J satisfies the conditions of this theorem, the almost complex
structure defined just as J , but with respect to the opposite orientation, will also
be integrable if k± are shear-free. This follows since condition i) of Theorem 1
is independent of orientation, so still holds, while condition ii) follows because
the new almost complex structure still sends k+ to k− and the shears of these
vector fields are independent of orientation (though not their representation in
appropriate ordered frames). Thus in the equation J∇ok+ = ∇ok−, applied to
vectors in H, only the left hand side acquires a minus sign when switching the
almost complex structure, hence both sides remain zero.
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Note that (9) implies that (12)i) is equivalent to the four conditions
g([k±, ·],k±) = 0 and g([k±, ·],k∓) = 0 on H. (15)
The converse of Theorem 1 does not hold in general. However, we have
Proposition 3.4. If three of the conditions (15) hold, and N = 0, then the
fourth, along with ii) of (12), also hold.
Proof. Assume N = 0 and, for example, g([k+, ·],k+) = g([k−, ·],k−) =
g([k+, ·],k−) = 0 on H. Let
A = [g(k±,k±)] :=
[
p r
r q
]
,
and express the following vector fields in our standard frame:
[k−,x−] = ak+ + bk− + · · · , [k−,x+] = ck+ + dk− + · · · , for coefficients a, b,
c, d. The coefficients a, b may be obtained by applying the inverse of A to the
vector (g([k−,x−],k+), g([k−,x−],k−)) = (g([k−,x−],k+), 0), while for ob-
taining c, d one applies the same matrix to (g([k−,x+],k+), g([k−,x+],k−)) =
(g([k−,x+],k+), 0). On the other hand similar coefficients for [k+,x±] all van-
ish by our assumptions. Substituting the above expressions for the Lie bracket
terms in N , we see that
N(k+,x+) = (a+ d)k+ + (b− c)k− + terms in H.
As N = 0, these coefficients of k± vanish, and together with the above method
of obtaining a, b, c, d this gives the two equations qB = rC, −rB = qC, where
B = g([k−,x−],k+), C = g([k−,x+],k+). These equations in turn imply
qr(B2 + C2) = 0, which easily leads to B = C = 0, since q and r cannot both
vanish. We thus see that g([k−, ·],k+) vanishes on H. Then (ii) of (12) follows
as in Theorem 1. 
3.3. Geometric conditions implying (15). We now consider the question
of whether there are geometric circumstances in which any one of the four
conditions (15) holds automatically. All of them, of course, must be satisfied
simultaneously for condition (12)i) to hold. The observations we note here will
serve to verify integrability of admissible almost complex structures appearing
in our examples in Sections 9-12.
Remark 3.5. For k = k±, relation g([k, ·],k) = 0 holds on H in two cases:
a) k is a pre-geodesic vector field of constant length, or
b) k is Killing.
(16)
The first of these follows as g([k,x ],k) = g(∇kx − ∇xk,k) = −g(x ,∇kk) −
dx (g(k,k))/2 = 0, where dx denotes the directional derivative for x ∈ Γ(H).
The second holds similarly since g(∇kx−∇xk,k) = −g(x ,∇kk)−g(∇xk,k) =
−(Lkg)(x ,k). Note here that a strictly pre-geodesic vector field of constant
length is necessarily null, essentially since 0 = dk(g(k,k))/2 = g(∇kk,k) =
αg(k,k).
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Next, condition g([k+, ·],k−) = 0 holds on H if the following two conditions
both hold:
i) k− = ℓ∇τ , where ∇ℓ ∈ Γ(V), and
ii) ∇(g(k+,k−)) ∈ Γ(V). (17)
Here τ , ℓ are smooth functions. This follows since if x ∈ Γ(H), then (ii)
and (i) imply g([k+,x ],k−) = g(∇k+x − ∇xk+,k−) = −g(x ,∇k+k−) +
g(k+,∇xk−) = −g(x ,∇k+(ℓ∇τ)) + g(k+,∇x (ℓ∇τ)) = ℓ(∇2τ(k+,x ) −
∇2τ(x ,k+)) = 0, because i) implies ℓ is constant along vector fields lying in H.
Additionally, note that this calculation also holds if i) of (17) is not assumed,
but instead g(k+,k−) = 0.
We do not consider special instances where the fourth condition, namely
g([k−, ·],k+) = 0, holds on H. However, if (17)i) holds, it can be translated
into the form
g(∇k+k− +∇k−k+, ·) = 0 on H, (18)
since 0 = g([k−,x ],k+) = g(∇k−x−∇xk−,k+) = −g(x ,∇k−k++∇k+k−), the
last equalty holding because g(∇xk−,k+) = ℓg(∇x∇τ,k+) = ℓg(∇k+∇τ,x ) =
g(∇k+k−,x ). When both k+, k− are pre-geodesic, and H is integrable, condi-
tion (18) guarantees that V is the horizontal distribution for a semi-Riemannian
submersion. But integrability of H will never, in fact, occur in the circum-
stances we will be considering later.
3.4. Integrability for split-adjoint admissible almost complex struc-
tures. An admissible almost complex structure J = Jg,k± will be called split-
adjoint if J
∣∣
V
is g
∣∣
V
-self-adjoint. We now give a necessary and sufficient condi-
tion for the integrability of such J .
Theorem 2. Let J = Jg,k± be a split-adjoint admissible almost complex struc-
ture. Then J is integrable if and only if the following conditions hold:
i) g([k−, Jx ],k+)− g([k+, Jx ],k−)− g([k+,x ],k+)− g([k−,x ],k−) = 0,
ii) J∇ok+ = ∇oJk+ on H,
where x in i) is any vector field lying in H.
Proof. Recall from Theorem 1 that it is enough to analyze the vanishing of
N(k+,x+) = [k−, Jx+]− J [k+, Jx+]− [k+,x+]− J [k−,x+], where x+, x−=
Jx+ is a local oriented orthonormal frame for H. Taking the inner product
of this expression with x± has been carried out in Theorem 1, and led to the
shear-condition. This remains unchanged. Condition i) is obtained by first
taking the inner product of N(k+,x+) with k±, and then employing the self-
adjointness of J
∣∣
V
, to shift J in the middle two terms in N(k+,x+) from the
Lie bracket to the other vector field in the metric expression. Note finally that
condition i) is tensorial on H. 
Remark 3.6. J
∣∣
V
is self-adjoint if and only if k± have lengths of opposite signs.
This makes Theorem 2 significant in two important cases which appear in our
examples: if both k± are null, or if they have nonzero lengths of opposite signs.
As mentioned in the introduction, Flaherty [17] has given a Newman-Penrose
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version of Theorem 2 for a special case of the first case, namely if k± are
part of a null tetrad. Examples of the first case appear in Sections 10 and 11,
while those of the second case are in Sections 8 and 12, in which k+, k− are
additionally orthogonal.
In the following corollary M , g, k±, V, H are as in subsection 3.1 with (7), (8)
holding, and we only list additional assumptions.
Corollary 3.7. Let k± be null shear-free vector fields and f1, f2 nowhere
vanishing smooth functions on M . Assume J := Jg,k± is an admissible complex
structure. Then the admissible almost complex structure J˜ := Jg,f1k+,f2k− is
integrable if and only if ∇(f1/f2) ∈ Γ(V).
Note that J˜ is indeed an admissible almost complex structure, since replacing
k± by f1k+, f2k− does not alter V, H, while it changes G of (11) by the
nowhere vanishing multiple (f1f2)
2.
Proof. As f1k+, f2k− are null, J˜ is split-adjoint and we employ Theorem 2.
Its condition ii) is verified since ∇o(f1k+) = f1∇ok+ = 0 and similarly
∇o(f2k−) = 0. Next, for x ∈ Γ(H),
g([f1k+,x ], f1k+) = f
2
1 g([k+,x ],k+)− f1(dxf1)g(k+,k+) = 0
because k+ satisfies i) of Theorem 1 and is null. Similarly, g([f2k−,x ], f2k−) =
0. Finally,
g([f1k+,x ], f2k−) =f1f2g([k+,x ],k−)− (dxf1)f2g(k+,k−)
g([f2k−,x ], f1k+) =f1f2g([k−,x ],k+)− (dxf2)f1g(k−,k+)
so that, via i) of Theorem 1 again,
g([f1k+,x ], f2k−) = g([f2k−,x ], f1k+)
if and only if (dxf1)f2 = (dx f2)f1, i.e. if and only if dx (f1/f2) = 0 for any
x ∈ Γ(H), which is equivalent to ∇(f1/f2) ∈ Γ(V). Thus we see that the last
condition is equivalent to i) of Theorem 2 holding with k+, k− replaced by
f1k+, f2k−, respectively, and J replaced by J˜ . Hence J˜ is integrable. 
3.5. Commuting k±. Some further properties of the vector fields k+, Jk+
follow in the presence of integrability.
Proposition 3.8. Let J = Jg,k± be an admissible complex structure. Then k+,
k− are holomorphic vector fields with respect to J if and only if they commute
and are shear-free.
Proof. We examine the Lie derivative formula (Lk±J)a = [k±, Ja] − J [k±, a],
for a taking values in the frame used in the proof of Theorem 1. For a =
k+ or a = Jk+, its vanishing will occur if and only if k± commute. For
a ∈ Γ(H), note first that g((Lk±J)a,k±) = 0 by (12)i), so (9) implies that
the projection of (Lk±J)a to V vanishes. Next, one sees that N(k+,x+) =
(Lk−J)x+ + (Lk+J)x−. Thus repeating the calculation after (13) for each
summand separately, we have, for example, g((Lk+J)x−,x±) = 0 if and only if
the shear coefficients of k+ vanish, or equivalently the projection of (Lk+J)x−
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to H vanishes. Since J(Lk+J)x− = (Lk+J)x+, this is also equivalent to the
statement that the restriction of Lk+J to H vanishes. Similar considerations
lead to the vanishing of the restriction of Lk−J to H. 
Note that in our later examples, at times k+ and Jk+ will not commute, and
in one case they will not be shear-free.
4. Ka¨hler metrics induced by admissible metrics
This section gives the construction of Ka¨hler metrics on semi-Riemannian 4-
manifolds we call admissible, which, in particular, possess an admissible com-
plex structure.
4.1. Admissible manifolds and metrics. We first give the definition of man-
ifold and metric admissibility. Recall in particular that a complex structure is
admissible if (7), (8) and (12) hold. In this section and in others we will switch
notations to k+:=k, k−:=t, so that V := span(k, t).
Definition 4.1. An oriented semi-Riemannian manifold (M,g) is called ad-
missible if it is equipped with two vector fields k, t for which
i] J = Jg,k,t is an admissible complex structure,
ii] t = ℓ∇τ , for C∞ functions τ , ℓ,
iii] ∇(g(k, t)), ∇(g(k,k)) ∈ Γ(V).
The metric g is also called admissible.
We will see in later sections many examples of admissible manifolds.
4.2. The Ka¨hler metrics. We first give certain families of Jg,k,t-invariant
symplectic forms on admissible manifolds. Some of these forms, on Lorentzian
manifolds with k null and geodesic, were first considered in [1] in analogy with
well-known contact forms on 3-manifolds.
Let (M,g) be an admissible semi-Riemannian 4-manifold (Definition 4.1), with
vector fields k, t. We consider 2-forms on M of the form
ω := d(f(τ)k♭), (19)
where k♭ = g(k, ·), and f is a smooth function defined on the range of τ , for τ
as in Definition 4.1ii]. Among the different choices of the “parameter function”
f , our interest will lie mainly in the case where f is affine in τ , or else is eτ .
As part of the following theorem, we will shortly show that the forms ω are
Jg,k,t-invariant. It is thus natural to consider the tensor
gK := ω(·, Jg,k,t·) = d(f(τ)k♭)(·, Jg,k,t·) (20)
as a candidate for a Ka¨hler metric. With G as in (11), we have
Theorem 3. Let (M,g) be an admissible 4-manifold. Then gK, given in (20),
is a Ka¨hler metric on the region of M where
fι < 0 and f ′G/ℓ − f dk♭(k, t) < 0. (21)
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Proof. We first check that gK is Jg,k,t-invariant. It is enough to show the
same for ω, and we do so by evaluating it on k, t, x , where x ∈ Γ(H).
As there is clearly nothing to check for a pair of the form a, Jg,k,ta, we
need not consider the case where both vectors lie in either of the J-invariant
distributions V, H. For the case where one vector field is in V and the
other in H, we calculate ω(t,x ) = d(fk♭)(t,x ) = fdk♭(t,x ) = f [g(∇tk,x ) −
g(∇xk, t)] = −f [g(k,∇tx ) − g(k,∇x t)] = −fg(k, [t,x ]) = 0, where here
∇(g(k, t)) ∈ Γ(V) and (12)i) were applied. An analogous calculation shows
ω(k,x ) = g(k, [k,x ]) = 0 using ∇(g(k,k)) ∈ Γ(V). As both calculations yield
zero, ω and hence gK are Jg,k,t-invariant.
Now ω is clearly exact, and Jg,k,t is integrable, so it remains to compute the
region where Jg,k,t is ω-tame, yielding positive definiteness of gK . It is clearly
enough to check when
gK(a, a) = ω(a, Ja) > 0 (22)
for all vector fields a of a gK-orthogonal frame. We choose a frame k, t, x ,
y = Jg,k,tx with the latter two (possibly local) vector fields forming an oriented
g-orthonormal frame for H. We need only compute ω(x ,y) and ω(k, t). The
first is ω(x ,y) = fdk♭(x ,y) = f(g(∇xk,y) − g(∇yk,x )) = −fι, by equation
(4). For the second, we write
ω = f ′dτ ∧ k♭ + fdk♭. (23)
Then f ′(dτ ∧ k♭)(k, t) = −f ′[g(k, t)2 − g(t, t)g(k,k)]/ℓ = −f ′G/ℓ, so that
ω(k, t) = −f ′G/ℓ + fdk♭(k, t). These expressions yield the inequalities in the
theorem defining the region where gK is Ka¨hler. 
We will often describe a Ka¨hler metric provided by the above theorem as in-
duced by an admissible metric.
With α below given in (5), we have
Remark 4.2. The second inequality in (21), for the region where gK in (20)
represents a Ka¨hler metric, becomes
f ′G/ℓ < 0 if k is geodesic of constant length, or
f ′G/ℓ− fαg(k, t) < 0 if k is null and strictly pre-geodesic, or
f ′G/ℓ+ fdt(g(k,k)) < 0 if k is Killing.
The first of these inequalities can be simplified to f ′/ℓ > 0 in the Lorentzian
case, using (11).
In fact, dk♭(k, t) = g(∇kk, t)− g(∇tk,k) = g(∇kk, t)− dt(g(k,k))/2 vanishes
when k is geodesic with constant length, equals αg(k, t) when k is a null and
strictly pre-geodesic, and equals −g(k,∇tk) − dt(g(k,k))/2 = −dt(g(k,k)) if
k is Killing.
Remark 4.3. Let J+ := J , and denote by J− the almost complex structure of
Remark 3.3, respecting the opposite orientation. As the proof of Theorem 3
shows that H and V are also gK-orthogonal, it follows that gK is almost hermit-
ian also with respect to J−. By Remark 3.3, if k± are shear-free, gK is in fact
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hermitian with respect to these two complex structures, which respect opposite
orientations. In other words gK is ambihermitian, in the sense of [5]. In some
cases, gK is also ambiKa¨hler, meaning that there exists another metric in its
conformal class which is Ka¨hler with respect to this second complex structure.
This happens, for example when gK is an SKR metric as in Section 8.
4.3. gK values on a frame. We record a number of basic facts about gK
inferred from Theorem 3.
Lemma 4.4. For a Ka¨hler metric induced from an admissible semi-
Riemannian metric,
gK(V,H) = 0, gK(k, t) = 0, gK(k,k) = gK(t, t), gK
∣∣
H
= −fιg∣∣
H
.
Proof. The first equality was shown in the proof of Theorem 3. The second
and third are obvious as ω is a 2-form. The fourth follows by comparing, with
the help of (23), gK
∣∣
H
(a, b) = fdk♭(a, Jb) = f(g(∇ak, Jb) − g(∇Jbk, a)) and
−fιg
∣∣
H
(a, b) using (4), where a, b are taken from an oriented orthonormal frame
x , y=Jx for H. 
Note that gK(k,k) = gK(t, t) = fdk
♭(k, t) − f ′G/ℓ (see Theorem 3), which
reduces to minus one of the expressions in the inequalities of Remark 4.2, in
the case where k satisfies one of the corresponding assumptions given there.
This formula will also be used later in the easily verifiable form
gK(k,k) = gK(t, t) = −f(g([k, t],k) + dt(g(k,k))− f ′G/ℓ,
whenever g(k, t) is constant.
(24)
4.4. Additional Ka¨hler metrics and functions with a gradient in V. If
g is an admissible metric with distinguished shear-free vector fields k, t, then g
is also admissible relative to the pairs ak, t and k, at, whenever a is a function
with ∇a ∈ Γ(V). This can be shown easily by verifying i]-iii] of Definition 4.1
for these pairs. Thus g induces two new families of Ka¨hler metrics for each such
function a. The Ka¨hler metrics relative to the pair k, at will have the same
symplectic form as the original gK but a different complex structure. Note,
however, that the function a must, in fact, be functionally dependent on τ :
Proposition 4.5. On an admissible manifold, any function a with gradient in
V must be locally a function of τ of Definition 4.1.
Proof. if ∇a = αk+βt then da = αk♭+βt♭, so applying the exterior derivative
on both side gives 0 = dα ∧ k♭ + αdk♭ + dβ ∧ t♭ + βdt♭. Applying this to the
usual oriented orthonormal frame x , y of H gives 0 = αdk♭(x ,y)+βdt♭(x ,y).
Using dφ(a, b) = da(φ(b))− db(φ(a))− φ([a, b]) for φ = k♭ and φ = t♭ along the
orthogonality of V and H yields 0 = −αk♭([x ,y ]) − βt♭([x ,y ]) = −αιk − βιt.
But the twist function ιt = 0 since ιt = g(ℓ∇τ,∇xy−∇yx ) = −ℓ(g(∇x∇τ,y)−
g(∇y∇τ,x )) = 0 as the Hessian is symmetric. Thus, as ιk is never zero, α = 0.
So da = βt♭ = βℓdτ , hence a is locally a function of τ . 
In particular, iii] of Definition 4.1 implies that for an admissible metric, g(k, t)
and g(k,k) are always functions of τ .
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5. First-order properties of the induced Ka¨hler metric
In this section we will show that some properties of special admissible metrics
are also shared by their induced Ka¨hler metric, including admissibility itself.
We will also examine other metric characteristics, such as completeness.
5.1. Relations between the admissible and induced metrics. We will
occasionally employ the notation τc := τ − c, for a constant c.
Proposition 5.1. Let g be an admissible semi-Riemannian metric with k, t
geodesic vector fields of constant length, g(k, t) constant and ℓ = 1. If gK is
the induced Ka¨hler metric with f(τ) = τc, then the associated vector fields k, t
are geodesic and of constant length also with respect to gK.
Proof. First, k has constant gK-norm as k is geodesic of constant length, f
′ =
ℓ = 1 and G is constant (see Remark 4.2 and the end of subsection 4.3). By
Lemma 4.4, t also has constant gK-norm. Let x , y be a local orthonormal
frame of g
∣∣
H
, and ∇K denote the Levi-Civita connection of gK . By the Koszul
formula, the constant length of k implies 2gK(∇Kk k,x ) = −2gK(k, [k,x ]) = 0,
the last equality following as [k,x ] lies in H, since admissible metrics satisfy
the hypotheses of Theorem 1. The same holds for x replaced by y , and clearly
also gK(∇Kk k,k) = dk(gK(k,k))/2 = 0.
The Koszul formula for g also gives
0 = −g(∇kk, t) = g(k, [k, t]),
0 = −g(∇tt,k) = g(t, [t,k])
so [k, t] is tangent to H. Applying this, we see by invoking the Koszul formula
once more, this time for gK , that, as gK
∣∣
V
is constant on k, t, gK(∇Kk k, t) =
−gK(k, [k, t]) = 0 by the first relation in Lemma 4.4. Thus gK vanishes on
any pair consisting of ∇K
k
k and any vector field in the gK-orthogonal frame
{k, t,x ,y}, so, we see that ∇K
k
k = 0. A similar argument shows that ∇K
t
t =
0. 
The corresponding result when k is Killing is the following.
Proposition 5.2. Let g be an admissible semi-Riemannian metric with k
Killing, ℓ, ι functions of τ , g(k, t) = 0 and [k, t] = 0. Then for any induced
Ka¨hler metric gK, k is also gK-Killing.
Proof. The proof consists of a systematic verification of the Killing field identity
dk(gK(a, b)) = gK([k, a], b) + gK(a, [k, b]) (25)
when a, b are taken from the usual frame vector fields k, t,x ,y=Jx , with the
latter two orthonormal for g
∣∣
H
. In fact, it is is easy to see that it is enough
to check the cases where {a, b} is one of the pairs xx , kk, tt, kx , kt, tx , xy .
As this is a repetitive task, we only show the first two cases where the extra
conditions of the proposition are needed.
First, for a = b = x , by Lemma 4.4, with prime denoting differentiation with re-
spect to τ , we have dk(gK(x ,x )) = −dk(fιg(x ,x )) = −dk(fι) = −(fι)′(dkτ) =
0, the final vanishing occurring since dkτ = g(k,∇τ) = g(k, t)/ℓ = 0. On the
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other hand, as [k,x ] ∈ Γ(H), gK([k,x ],x ) = fιg([k,x ],x ) = 0 because k is
g-Killing and x has constant g-length. Thus
dk(gK(x ,x )) = 0 = 2gK([k,x ],x ).
Next we show that dk(gK(k,k)) = 0, and hence clearly equal to 2(gK([k,k],k).
First note that dk(g(k,k)) = 0 since k is g-Killing (using the analog of (25)
for g). Also, dk(g(t, t)) = 2g(∇kt, t) = 2g(∇tk, t) = 0, where we have used
[k, t] = 0 and again the fact that k is g-Killing. Then, from Remark 4.2, we
have gK(k,k) = −f ′G/ℓ + fdt(g(k,k)). Now dk(f ′G/ℓ) = (f ′/ℓ)′g(k,∇τ)G +
(f ′/ℓ)(g(t, t)dk(g(k,k))+dk(g(t, t))g(k,k)) = 0, due to the observations above.
Also, dkf = 0 as before, while dkdt(g(k,k)) = dtdk(g(k,k))+d[k,t](g(k,k)) = 0
as k is g-Killing and [k, t] = 0. This completes the proof that dk(gK(k,k)) = 0.
The other verifications of (25) are similar. 
Similar calculations employing the Koszul formula show that under the as-
sumptions of Proposition 5.2, t is gK-strictly pre-geodesic (not necessarily of
constant length, i.e. not a geodesic). Examples where all these conditions are
satisfied will be given in Section 8.
Finally, we show that the shear condition (12)ii) of Theorem 1 holds also with
the shears taken with respect to gK . In fact, this follows from the following
relations between shears with respect to to an admissible metric g and a Ka¨hler
metric gK it induces:
(∇K)ok = ∇ok, (∇K)ot = ∇ot. (26)
We prove the first relation only, as the second is similar. Let {x ,y} be, as
usual, a local orthonormal frame for g|H. From (3) we have
2σk1 = −g(y , [k,y ]) + g(x , [k,x ]).
We now compute the corresponding shear coefficient for the Ka¨hler metric gK
and the gK-orthonormal basis x˜ := x/s, y˜ := y/s, where s :=
√
−fιk. The
Koszul formula for gK gives, using the first relation in Lemma 4.4,
2σK,k1 = −gK(y˜ , [k, y˜ ]) + gK(x˜ , [k, x˜ ])
= −s−1[gK(y , dk(s−1)y + s−1[k,y ])− [gK(x , dk(s−1)x + s−1[k,x ])]
= −s−1dk(s−1)[gK(y ,y)− gK(x ,x )]− s−2s2[g(y , [k,y ]]− g(x , [k,x ])]
= 2σk1 ,
since gK
∣∣
H
= s2g
∣∣
H
so that gK(y ,y) = s
2g(y ,y) = s2g(x ,x ) = gK(x ,x ). A
similar calculation shows σK,k2 = σ
k
2 and thus the shear relation for k follows.
Of course, there is a more conceptual argument for the validity of the shear
condition (12)ii) with respect to the Ka¨hler metric. Namely, the proof of The-
orem 1 shows that if conditions (12)i) hold, then the Nijenhuis tensor vanishes
if and only if the shear condition (12)ii) is satisfied. This vanishing, along with
(12)i), are of course metric independent conditions, so it follows that, assuming
(12)i), if J is integrable, condition (12)ii) must hold for any metric for which
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(7) and (8) hold. Now (8) certainly holds for the Riemannian metric gK , while
(7) also holds as it is metric independent.
5.2. Repeated admissibility. In the following proposition admissible metrics
induce Ka¨hler metrics that are also admissible.
Proposition 5.3. Let g be an admissible semi-Riemannian metric on an ori-
ented 4-manifold M with distinguished vector fields k, t. Assume additionally
that g(k, t) = 0 and ℓ, g(t, t), g([k, t],k) are all functions of τ . For a given
f : Im τ → R, let gK = gK(g,k, t, f) be an induced Ka¨hler metric on an ap-
propriate region. Then {gK ,k, t} is admissible and satisfies all the conditions
mentioned above for g. Thus there exists an infinite sequence of admissible
Ka¨hler metrics g
(n)
K , n ∈ N, with g(1)K := gK, each defined by the quadruple
{g(n−1)K ,k, t, f} on an appropriate region U (n) ⊂ M (which may, however, be
empty for some n).
Proof. To show that gK is admissible, taking into account that it is Riemannian,
that gK(k, t) = 0 and that (26) holds, it is enough to check∇K(gK(k,k)) ∈ Γ(V)
and t = ℓK∇Kτ for some function ℓK .
For the first of these, our assumptions together with (24) and the last sentence of
Section 4 guarantee that gK(k,k) is a function of τ . Since dx τ = g(t/ℓ,x ) = 0
for any x ∈ Γ(H), the claim follows.
For the second claim, let x , y be an orthonormal frame for g
∣∣
H
. Since
gK(∇Kτ, b) = dτ(b) = g(∇τ, b) = g(t, b)/ℓ and gK(t, b) are both zero for
b = k,x ,y , the only nonzero component of ∇Kτ in the usual frame, which is
gK-orthogonal, is a multiple ℓK of t. Thus gK is admissible.
It remains to verify that the other assumptions of the proposition hold for
gK . We already know that gK(k, t) = 0 and that gK(t, t) = gK(k,k) is a
function of τ . For ℓK this is also clear since so are gK(∇Kτ, t) = g(t, t)/ℓ
and gK(t, t). Finally, expanding in the usual frame [k, t] = ak + . . ., clearly
g([k, t],k) = ag(k,k), so a is a function of τ (g(k,k) is nowhere vanishing as
G 6= 0). Hence so is gK([k, t],k) = agK(k,k).

One situation where the domains of the Ka¨hler metrics are never empty is the
following.
Proposition 5.4. Under the conditions of Proposition 5.3, if additionally p :=
g(k,k) > 0, fp is constant and fa is constant for a nonzero coefficient a :=
g([k, t],k)/g(k,k), then the domains of g
(n)
K satisfy U
(n) ⊂ U (n+1) for all n.
Proof. We examine the values of g
(n)
K on k,k and on appropriate g
(n−1)
K -unit
length fields in H. First, since p is a function of τ , we have dt(g(k,k)) = p′dtτ
while G/ℓ = p dtτ . Thus we have from (24), p
(1) := gK(k,k) = −a(fp) −
dtτ(fp)
′. This equation also holds with p replaced by p(n) := g
(n)
K (k,k)
and p(1) replaced by p(n+1), because the previous proof indicated that
a = g
(n)
K ([k, t],k)/g
(n)
K (k,k)) and similarly p
(n)dtτ = G
(n)
K /ℓ
(n)
K (with the
obvious meaning of these symbols). But since fp is constant we have
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p(1) = −afp > 0 in U (1), so that p(2) = −a(fp(1)) − dtτ(fp(1))′ =
−a(f(−afp)) − dtτ(f(−afp))′ = a2f2p > 0 on the entire manifold, since
both fa, fp are constant, a 6= 0 and p > 0. Now fp(1) = −fafp is constant,
and fa remains constant independently from n, so the process can be reiterated
and p(n) > 0 on the whole manifold for all n > 1.
Next, for a g-orthonormal frame x ,y for H let [x ,y ] = bk + . . . be the frame
expansion. Then gK(x ,x ) = −fι = −fg(k, [x ,y ]) = −fbp > 0 on U (1), so that
fb < 0 there. Now let x (1),y (1) be a gK-orthonormal frame, which consists of
certain multiples of x , y , respectively, and let ι(1) be the gK-twist function of
k. Then g
(2)
K (x
(1),x (1)) = −fι(1) = −fgK(k, [x (1),y (1)]) = −fgK(k, [x ,y ]) =
−fbp(1), and this is positive on U (1) since there both p(1) > 0 and fb < 0. Since
this calculation only depends on positivity of two consecutive p(n)’s, it can be
reiterated for all n. 
5.3. Completeness of geodesic vector fields.
Proposition 5.5. Let g be an admissible semi-Riemannian metric on a man-
ifold M , with k a geodesic vector field of constant length. Suppose for some
choice of a function f(τ), a complete Ka¨hler metric gK is induced on all of M .
Then any inextendible integral curve of k is defined on the whole real line if
and only if f ′G/ℓ is bounded below on the curve.
Proof. According to [10, Proposition 3.4], a geodesic will be extendible beyond a
finite interval of its parameter domain if and only if in some complete Riemann-
ian metric the length of its tangents is bounded. Taking gK to be this metric,
and the geodesic an integral curve of k, extendibility will occur if and only if
gK(k,k) is bounded along it. But gK(k,k) = −f ′G/ℓ (see Remark 4.2). 
Note that as gK(t, t) = gK(k,k), if t is also geodesic, the same holds for its
integral curves. If g is Lorentzian or one of these vector fields is null, the same
holds if f ′/ℓ is bounded above on the curve, as G is negative (see (11)).
Examples of complete Ka¨hler metrics induced from admissible manifolds appear
in subsection 9.5.
5.4. Sasaki metrics. We end this section noting a case where a Ka¨hler metric
induced by an admissible metric is a cone metric over a Sasaki 3-manifold.
Proposition 5.6. Let (M,g) be an admissible Lorentzian 4-manifold with k
geodesic and of constant length. Assume additionally g(k,k) = −g(t, t), ℓ = 1
and that the commutator relation [Γ(H),Γ(H)] ⊂ Γ(t⊥) holds. Then the induced
Ka¨hler metric gK for which f(τ) = e
τ is isometric to a cone metric over a
Sasaki 3-manifold.
Proof. Note that dk♭ vanishes on V as k is geodesic of constant length, while
g(k,k) = −g(t, t) yields dτ ∧k♭(·, J ·) = dτ2+(k♭)2. Substituting these in (23)
along with f and changing variables appropriately yields
gK = dr
2 + r2hι, hι := ((k
♭)2 − ιg∣∣
H
)/4,
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which has the form of a cone metric. Now the distribution (∇r)⊥ = t⊥ is
spanned by H and a certain linear combination of k and t (with constant
coefficients, since the values of g
∣∣
V
on these vectors are constant). As for an
admissible manifold, the Lie bracket of k, and of t, with vectors in H lies in
H, the condition on [H,H] guarantees that t⊥ is integrable. Thus in the region
U where the Ka¨hler metric gK is defined, hι is a Sasaki metric lifted from a
3-manifold N such that U = N × R. 
6. Ricci and scalar curvatures of gK
We give here formulas for the Ricci and scalar curvature of an induced Ka¨hler
metric gK under certain assumptions, most importantly that the metrics con-
form to a certain bundle structure.
The Ricci form of a Ka¨hler metric is given via
ρ = −i∂∂¯ log(µ/ν) = −1
2
dJd log(µ/ν), (27)
where µ is the volume form coefficient in a coordinate system and ν is the
coefficient for the coordinate volume form in corresponding complex coordinates
(cf. [36, §1.4.3]). We apply this general formula to the case of the Ka¨hler
metric gK associated to an admissible semi-Riemannian manifold, computed
under certain assumptions detailed below. We give two formulas, one for the
case that k is geodesic of constant length, the other for the case it is Killing.
Examples fulfilling these assumptions will be given in Section 8.
Proposition 6.1. Let (M,g) be admissible, with admissible complex structure
J = Jg,k,t. Assume that M is an open set in the total space of a holomorphic
line bundle over a Ka¨hler surface (N,h) with holomorphic projection map π,
and g
∣∣
H
= π∗h. Suppose k, t commute and are shear-free, ℓ is a function of
τ , k is geodesic of constant nonzero length and k♭ is locally a sum of an exact
form and one vanishing on V.
Let ωh = r dx∧dy be the Ka¨hler form of h, expressed in local coordinates where
z = x+ iy is a holomorphic coordinate on N . Then for any Ka¨hler metric gK
induced by g and a parameter function f(τ), its Ricci form and scalar curvature
are given, respectively, by
ρK = −1
2
dJd log(−ff ′rι/ℓ),
and
sK =
1
2
((log(f ′f/ℓ))′af)′/(ff ′)− ∗
[
1
2
ω ∧ dJd log(−rι)
]
, (28)
where ω, ∗ are the Ka¨hler form and Hodge star operator of gK, respectively,
and a is the coefficient of k in the expression for Jdτ as a linear combination
of k and dτ .
Note that we could write the second term in (28) much more explicitly by
replacing ω via (23), but we have chosen not to in order to keep the formula
less cluttered. Also note that the assumption on k♭ is fulfilled in the case it is
a connection 1-form.
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Proof. Given our assumptions on g
∣∣
H
, the symplectic form ω takes the form
ω = f ′dτ ∧ k♭ + fdk♭ = f ′dτ ∧ k♭ − fιr dx ∧ dy,
where we dropped pull-backs by π from the notation. Thus the volume form is
Vol = ω2/2 = −ff ′rι dτ ∧ k♭ ∧ dx ∧ dy, (29)
and µ = −ff ′rι.
Next, our assumptions, taken together with Proposition 3.8, mean that Ξ :=
k − it is a holomorphic vector field and ψ := k♭ + it♭ a holomorphic 1-form
which evaluates to a nonzero constant on it. Employing ψ together with dz one
computes the coordinate volume form coefficient to find, as t♭ = ℓdτ is exact
because ℓ is a function of τ , that up to a multiplicative constant, one can take
ν = ℓ (note that the assumption on k♭ is used in this step).
Substituting in (27) gives the formula for the Ricci form.
To compute the scalar curvature, we first note that Jdτ = Jt♭/ℓ is a linear
combination of k♭ and dτ , as it vanishes on H. Substituting k and t in Jdτ =
ak♭ + bdτ and solving the linear system for a, b, one easily sees, as the metric
g has constant values when evaluated on pairs from {k, t}, that b is constant,
while a, which also depends on ℓ, is a function of τ . Thus
ρK = −1
2
dJd log(−ff ′rι/ℓ) = −1
2
d[(log(ff ′/ℓ))′Jdτ ]− 1
2
dJd log(−rι)
= −1
2
d[(log(ff ′/ℓ))′(ak♭ + bdτ)]− 1
2
dJd log(−rι)
= −1
2
d[(log(ff ′/ℓ))′ak♭]− 1
2
dJd log(−rι)
= −1
2
((log(ff ′/ℓ))′a)′dτ ∧ k♭ − 1
2
(log(ff ′/ℓ))′adk♭ − 1
2
dJd log(−rι)
Computing now ω ∧ ρK , the contribution from the first two terms in the last
line above combines to be
1
2
((log(f ′f/ℓ))′af)′rιdτ ∧ k♭ ∧ dx ∧ dy
Since the scalar curvature is sK = ∗(ω ∧ ρK), and ∗Vol = 1, the result follows.

A special case of this formula for the scalar curvature occurs when ℓ = 1 and
f(τ) = τc, as then (a is constant and hence) the first term in (28) vanishes,
giving
sK = − ∗
[1
2
ω ∧ dJd log(−rι)].
Proposition 6.2. Let (M,g) be admissible with admissible complex structure
J = Jg,k,t. Suppose all assumptions of Proposition 6.1 hold, except that k
is not geodesic of constant length, but rather Killing. Assume g(k, t) = 0,
q := g(t, t) 6= 0 and p := g(k,k), ι are, in addition to ℓ, functions of τ . Then
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for any Ka¨hler metric gK induced by g and a parameter function f(τ), its Ricci
form and scalar curvature are given, respectively, by
ρK = −1
2
dJd log(−f (f ′ + f p′/p)rιp/ℓ),
and
sK =
(faP ′)′ + 2faP ′p′/p
f (f ′ + f p′/p)
− 1
2
∗ [ω ∧ dJd log r], (30)
where a = −q/(pℓ), P = − log(−f (f ′ + f p′/p)p ι/ℓ)/2 and ∗ is the Hodge star
operator of gK.
We omit the proof, which is somewhat more complex than the previous one
but follows the same outline.
7. Obstructions to invertibility of the map g → gK
In this section we outline various circumstances in which two different semi-
Riemannian metrics induce the same Ka¨hler metric. As the proofs involve
arguments similar to ones we have already made in previous sections and the
next one, we will be brief.
Suppose on a given oriented 4-manifold k, t are fixed pointwise linearly indepen-
dent vector fields spanning V, and an almost complex structure J is given by its
values on V as in subsection 3.1, and those onH = V⊥ stipulated independently.
Suppose functions ℓ, τ on this manifold are also given. Formula (19) for the
symplectic form shows that if two semi-Riemannian metrics g, g˜ whose restric-
tion to H is hermitian with respect to J , satisfy k♭ = k♭˜ and t = ℓ∇τ = ℓ∇˜τ ,
they will yield the same symplectic form, and hence Ka¨hler metric (for the
same f). But this condition implies g(k,k) = g˜(k,k) and g(k, t) = g˜(k, t), so
that the only way g
∣∣
V
and g˜
∣∣
V
can differ is if g(t, t) 6= g˜(t, t). And this may
occur even with the condition above on t. We do not discuss in this prelimi-
nary remark whether other admissibility conditions may hold for both metrics.
Instead we turn to explicit ways to vary g that yield the same Ka¨hler metric.
7.1. Varying g
∣∣
H
. Even if k, t are fixed and the two metrics agree on V, they
may still differ on H while inducing the same Ka¨hler metric. One situation
where this occurs is in a biconformal change of the form
g = (g
∣∣
V
, g
∣∣
H
)→ g˜ = (g
∣∣
V
, β2g
∣∣
H
)
for a nowhere vanishing function β.
Indeed, if x ,y is the usual orthonormal frame for g
∣∣
H
, then x/β,y/β is such
a frame for g˜. Thus the twist of k with respect to g˜ is ι˜ = g˜(k, [x/β,y/β]) =
g˜(k, [x ,y ])/β2 = g(k, [x ,y ])/β2 = ι/β2 because g and g˜ agree on V. Thus,
applying Lemma 4.4 we have
g˜K
∣∣
H
= −f ι˜g˜∣∣
H
= −f(ι/β2)β2g∣∣
H
= gK
∣∣
H
.
As ∇τ , the image of dτ under g−1, is in V, it depends only on the inverse of
g|V , so that under the biconformal change, ∇˜τ = ∇τ , and thus both metrics
share ℓ as well. As clearly k♭ = k♭˜ under the biconformal change, glancing
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at the expression in the second inequality of Theorem 3, and noting the last
paragraph of Section 4, we see that g˜K
∣∣
V
= gK
∣∣
V
as well.
One can check that the shear of k or t is invariant under the biconformal
change, and condition iii] of Definition 4.1 holds for g˜ if it holds for g.
In Section 8 admissible metrics will be produced from a special type of Ka¨hler
metric that they, in turn, induce. In that setting there will be a canonical
choice for g
∣∣
H
.
7.2. Varying g
∣∣
V
. We now discuss a complementary change of metric, where
g
∣∣
H
is fixed while g
∣∣
V
varies.
Let g be an admissible semi-Riemannian metric satisfying the hypotheses of
Proposition 5.1. Let g¯ = g + εdτ2 for small ε > 0. The parameter ε is only
introduced so that g and g¯ will have the same signature. Note that for this
metric change clearly k♭ 6= k♭¯.
We have g¯(t, ·) = (1+ εdτ(t))dτ and G¯ := det g¯∣∣
V
= G(1 + εdτ(t)), so that t is
g¯-dual to the exterior derivative of a constant multiple of τ , and this constant
is 1 if t is null.
Now V is still g¯-orthogonal to H. Choose as usual a local frame x ,y , orthonor-
mal with respect to one, and hence both of g¯
∣∣
H
and g
∣∣
H
. Then ι¯ = g¯(k, [y ,x ]) =
ι+ εdτ(k)dτ([y ,x ]) = ι, the last equality following as the Hessian of τ is sym-
metric.
The g-shear and g¯-shear of k and of t are also equal, and condition iii] of
Definition 4.1 also holds easily. Thus g¯ is also admissible.
Also, using again that dτ(k) is constant,
ω¯ = d(f(τ) ∧ k♭¯) = f ′dτ ∧ (k♭ + εdτ(k)dτ) + fd(k♭ + εdτ(k)dτ)
= f ′dτ ∧ k♭ + fdk♭ = d(f(τ) ∧ k♭) = ω. (31)
Thus, as Jg,k,t = Jg¯,k,t, g¯ is also admissible and the two induced Ka¨hler metrics
coincide:
g¯K = gK .
Note that one can show k is also geodesic of constant length with respect to g¯.
7.3. Conformal change. We comment here on a more common way to vary g
that does not fix the induced Ka¨hler metric, but one can still determine it after
the change. Although a standard conformal change gˆ = β2g of an admissible
metric g does not, in general, produce an admissible metric, it does preserve
the twist and shear (cf. [9]). Thus integrability of Jg,k,t can be determined by
checking the conditions of Theorem 1 using gˆ. As t = ℓ∇τ = ℓβ−2∇ˆτ , we see
that τ is recoverable from t, gˆ and β, and a similar claim follows for k♭, and
hence for ω. As the twist is conformally invariant, it can be computed from
gˆ and used to determine whether ω is symplectic, and similarly, to check that
gK is Ka¨hler. Section 11.4 will describe an admissible metric with k null and
strictly pre-geodesic, which is conformal to the Kerr metric.
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8. Admissible Lorentzian metrics inducing SKR metrics
In this section we begin the study of examples. We first recall the description
of a special type of Ka¨hler metric, called SKR, also known as a metric admit-
ting a special Ka¨hler-Ricci potential. These include many conformally-Einstein
Ka¨hler metrics. We then produce from such a metric, via an explicit ansatz,
Lorentzian admissible metrics admitting a Killing field, which in some cases is
also geodesic of constant length. These Lorentzian metrics in turn induce the
initial SKR metric.
A Killing potential τ on a Ka¨hler manifold (M,J, gK) is, by definition, a smooth
function τ such that J∇Kτ is a Killing vector field, where ∇K denotes the Levi-
Civita connection (or the gradient) with respect to the Ka¨hler metric. We set
v := ∇Kτ, u := Jv, V := span(v, u), H := V⊥.
This potential τ is called a special Ka¨hler-Ricci potential, and gK an SKR
metric, if τ is nonconstant, and at each regular point of τ , the nonzero tangent
vectors in H are eigenvectors of both the Ricci endomorphism and the Hessian
of τ . We will often denote such metrics by gSKR. As mentioned above, they
include many Ka¨hler conformally Einstein metrics in dimension four (and all
of those, in higher dimensions).
Theorem 18.1 in [14] gives the local classification of SKR metrics. It states that
for any SKR metric, every regular point of τ has a neighborhood U which is
the domain of a biholomorphic isometry Ψ to an open set in a holomorphic line
bundle over a Ka¨hler manifold (N,h) with Ka¨hler form ωh, equipped with the
following metric, still denoted gSKR. There are in fact two metric forms, but we
only give one, which we will call the irreducible form, as it describes metrics
which are not Ka¨hler local products. It is given as follows.
gSKR is
1
Q
dτ2 +
Q
a2
uˆ2 on V, 2|τc|π∗h on H. (32)
where τc := τ − c as in Section 5.1 with c a constant, τ is the push-forward
of the Killing potential under the above biholomorphism, a 6= 0 is a constant,
Q is a function of τ which equals gSKR(v, v) = gSKR(u, u), π is the projection
map from the line bundle to N , uˆ is the one-form having value a on u and
zero on v and on lifts of vector fields on N , and V, H are also obtained via
pushing-forward the same-named distributions via the biholomorphism, with
V being also the vertical distribution of the line bundle. In addition, H is the
horizontal distribution for a Chern connection on the line bundle.
If M is compact and not biholomorphic to CPm, it follows from [15] that a
biholomorphic isometry Ψ as above exists, with domain M , mapping onto a
CP
1-bundle over a Ka¨hler manifold equipped with a canonical model metric.
Furthermore, Ψ maps the non-critical set of τ onto the total space of a line
bundle minus its zero section. Finally, in the irreducible case the model metric
still has the form (32) on this subset of the total space.
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We record some known relations for SKR metrics, all immediate from or ap-
pearing in [14], some of which will be employed below. In these, w, w′ denote
horizontal lifts of vector fields on the base manifold N .
i) gSKR(u, v) = 0, ii)Q > 0 if v 6= 0 or u 6= 0, iii) [u, v] = 0,
iv) [v,w] = 0, v) [u,w] = 0, vi) [w,w′]V = −2π∗ωh(w,w′)u. (33)
Given an SKR metric in dimension four of the form (32), our main objective is
to obtain a procedure for finding an admissible Lorentzian metric g, defined on
an appropriate subset U , with an induced Ka¨hler metric satisfying gK = gSKR
on U .
The construction is as follows. Set k := u, t := −v. Fix two of the three values
of the metric on k, t as follows: g(k, t) := 0, while g(t, t) := q is defined to be
an arbitrarily chosen negative constant. Choose p to be a function of a variable
τ which is positive on {τ > c}. Set g(k,k) := p, with p now abusively denoting
p ◦ τ . Define g∣∣
V
by linear extension. Then define g
∣∣
H
:= π∗h. Finally, declare
g(V,H) = 0.
In the following theorem we will take the domain of the biholomorphic isometry
Ψ to be the entire manifold under discussion, with the range contained in the
total space of the line bundle. Our theorem is then stated as follows.
Theorem 4. Let gSKR be an irreducible SKR metric on a complex manifold
(M,J) of real dimension four with special Ka¨hler-Ricci potential τ , such that
the biholomorphic isometry Ψ has domain M . Then there exists a Lorentzian
metric on U := {dτ 6= 0}∩{τ > c}, which is isometric, via Ψ, to an admissible
metric g among those in the ansatz just described, whose distinguished vector
fields are k and t.
Choosing f(τ) := τc/p, the metric g along with f induce a Ka¨hler metric gK
on the line bundle, whose isometric copy in M (also denoted gK) is defined on
U and satisfies
gK = gSKR on U .
If M is compact and not biholomorphic to CP2, then (after perhaps switching
the sign of τ) this Lorentzian metric is in fact defined on the set U := {dτ 6= 0},
which is open and dense in M .
Proof. We identify U from now on with its image in the line bundle. Note first
that on U the vector fields v, u have no zeros, hence the same holds for k, t,
so that their assigned lengths via g are well defined. As u = Jv, the fields k, t
are linearly independent at each point of U .
On U , or even on {τ > c}, p is positive. Thus g(k,k) > 0, while g(t, t) = q < 0
and g(k, t) = 0. Hence g
∣∣
V
is nondegenerate of index one. On the other hand
g
∣∣
H
= π∗h is positive definite. Since g(H,V) = 0, g is a Lorentzian metric at
each point of U . For this metric H is spacelike, and k, t are everywhere linearly
independent, so that conditions (7) and (8) hold.
Conditions (12)i) follow immediately from (33)iv),v), the definition of k, t and
the fact that in the SKR setting, horizontal lifts of base vector fields span H.
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To verify ii) of (12), we show that t and k are shear-free. But if x , y are
horizontal lifts of base vector fields forming an ordered orthonormal frame on
H, then 2σt1 = g(∇y t,y)− g(∇x t,x ) = 0 by the Koszul formula, as the values
of g on all pairs of vector fields taken from x , y , t are constant and the Lie
brackets [x , t], [y , t] are zero. A similar calculation shows σt2 = 0, where this
time the only nonzero terms involves the brackets [x ,y ] and [y ,x ], which cancel
each other. The same argument works for k.
Having checked i] of Definition 4.1 of admissibility, we now turn to ii]. First,
note that setting ℓ := −q/Q is well defined on U as Q is nonzero there. Now
define t˜ = t/ℓ (note that ℓ 6= 0). We wish to show t˜ = ∇τ . The values of g on
the pairing of either of these vector fields with x , y , k is zero, since, for example
g(t˜,x ) = g(t,x )/ℓ = 0 = dx τ = g(x ,∇τ), and similarly g(t˜,k) = 0, while we
have seen that 0 = dkτ = g(k,∇τ). Their values when paired with t are
compared as follows: g(t˜, t) = q/ℓ while g(∇τ, t) = dτ(t) = gSKR(∇SKRτ, t) =
gSKR(v, t) = gSKR(v,−v) = −Q = q/ℓ. This shows t = ℓ∇τ .
To complete the proof that g is admissible we need to verify iii] of Definition 4.1.
Now g(k, t) is constant by the very definition of g. Also, ∇(g(k,k)) ∈ Γ(V).
This follows because ∇k defines a map H → k⊥, as can be seen since for a
vector field x with values in H, 2g(∇xk,k) = dx (g(k,k)) = dxp = p′dx τ = 0.
Thus g is admissible. Next, we check that with f given in the theorem, the
induced gK is a Ka¨hler metric on U . Note first that q/ℓ = −Q < 0 on U ,
while our f is well defined and positive on U and satisfies f ′p + fp′ = (fp)′ =
τ ′c = 1. Next, from (33)iii) we see that [k, t] = 0, so that minus the expres-
sion (24), which is just the left hand side of (21) as g(k, t) = 0, evaluates
to f ′G/ℓ + fdt(g(k,k)) = (q/ℓ)(f
′p + fp′) = −Q, which is negative on U .
Also, applying (33)vi) and k = u, we see that for the usual horizontal lifts x ,
y=Jx of an ordered h-orthonormal frame, ι = g(k, [x ,y ]) = −2π∗ωh(x ,y)p =
−2π∗h(y ,y)p = −2p < 0 on U . Hence fι < 0 on U . Thus, by Theorem 3, g in-
duces a metric gK on U which is Ka¨hler with respect to J , as clearly J = Jg,k,t.
We now show that gK = gSKR on U . In fact, gK(t, t) = gK(k,k) = −(f ′G/ℓ +
fdtp) = Q as we have just seen, i.e. this value is equal to gSKR(−v,−v) =
gSKR(u, u), while gK(k, t) = 0 = gSKR(u,−v). Thus gK
∣∣
V
= gSKR
∣∣
V
. On the
other hand, gK
∣∣
H
= −fιg∣∣
H
= −f(−2p)π∗h = 2τcπ∗h = 2|τc|π∗h = gSKR
∣∣
H
on
U . As gK(V,H) = 0 = gSKR(V,H), the first equality following from Lemma 4.4,
the two Ka¨hler metrics indeed coincide.
Finally, if M is compact and not biholomorphic to CP2, we know that the non-
critical set of τ is mapped via Ψ onto the line bundle minus its zero section,
and we wish to show the former set is U . It was shown in [15] that for an SKR
metric on a compact manifold, the range of τ is a closed interval and c is not
in its interior. As choosing the sign of τ determines that of c, one can thus
always arrange, when the manifold is compact, that τ > c everywhere. Then,
from U ’s definition it follows that U is exactly the non-critical set of τ . As τ is
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a Killing potential, it is known that the latter set is open and dense in M (cf.
[15]).
This completes the proof. 
Note that it is possible to show that k is g-Killing and, if p is a positive
constant, also g-geodesic, while t is always g-geodesic. Observe also that as
all assumptions of Proposition 5.2 hold, it provides an alternative route for
showing that k is gK-Killing, independent from the recognition that gK = gSKR.
It is worth mentioning that if in the ansatz above we make g(t, t) := q a positive
constant, while g(k,k) := p a function of τ which is negative on {τ > c}, the
proof of Theorem 4 goes through without change, except that ι will now be
positive and f negative on that set, hence we will still have fı < 0. Thus we
can choose our Lorentzian metrics inducing SKR metrics to have a timelike
Killing field.
A final point worth emphasizing is that in the case where gSKR is defined on
a compact manifold (not biholomorphic to CP2), the metric g, given via the
ansatz on an open dense set U , does not extend toM . The reason is thatM \U
consists of zeros of t and k, but g(t, t) is a negative constant on U , so cannot
become zero smoothly on M \ U . This, of course, goes along with the fact
that the expression (19) for the exact Ka¨hler form cannot hold on the entire
compact manifold, even though the Ka¨hler form does extend smoothly.
9. Ka¨hler metrics induced by Lorentzian warped products
9.1. The construction. In this section we construct Ka¨hler 4-manifolds from
admissible Lorentzian 4-manifolds, in the sense of Definition 4.1, which are
warped products. In [2] we describe Ka¨hler-Einstein metrics that arise from
this construction.
Theorem 5. Let (N, g¯) be a Riemannian 3-manifold with a unit length vector
field k¯, whose flow is geodesic, shear-free, and has a nowhere vanishing twist
function. Let w(t) be a smooth positive function on R satisfying w′/w > −1.
Then (R×N, g,k,∇t) is admissible with respect to a chosen orientation, where
g is the Lorentzian warped product
g := −dt2 +w2g¯
and k := ∂t + k¯/w. The metric g then induces a Ka¨hler metric on R×N .
Note that in the expression for k, the notation k¯ refers to the obvious lift of
this vector field from N to R×N .
Proof. We verify the admissible properties of Definition 4.1. To begin with, our
vector field k is clearly g-null, and pre-geodesic:
∇kk = w
′
w
k. (34)
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(For the properties satisfied by the Levi-Civita connection of warped products,
see [28, Proposition 35, p. 206].) Next, set t := ∇t = −∂t and observe that
g(t, t) = −1 , ∇tt = 0 , g(k, t) = k(t) = 1.
We now establish relations between the shear, and later also twist functions
of k and k¯. In what follows, the shear coefficients and twist function (up to
sign) of k¯ will be denoted by σ¯1, σ¯2 and ι¯, respectively, while those of k will be
denoted by σ1, σ2 and ι.
Let {x¯ , y¯} be an ordered local g¯-orthonormal frame of k¯⊥g¯ ⊂ TN , whose
ordering is chosen so that ι¯ is negative. Lifting these vector fields trivially
to R × N , the vector fields x := x¯/w and y := y¯/w form a g-orthonormal
frame for the (spacelike) distribution H = span(k, t)⊥g . Furthermore, ∇xk =
1
w2
(
w′x¯ +∇x¯ k¯
)
, ∇yk = 1w2
(
w′y¯ +∇y¯ k¯
)
, where ∇ is the Levi-Civita connection
of g¯. That k is shear-free now follows from this and the fact that k¯ is shear-free
in (N, g¯):
2σ1 = g(∇yk,y)− g(∇yk,x ) = 2
w
σ¯1 = 0,
and a similar relation for σ2. It is likewise verified that t is also shear-free, since
∇x t = −(w′/w)x and ∇y t = −(w′/w)y . Thus, the almost complex structure
J := Jg,k,t compatible with the orientation for which Jx := y , Jy := −x ,
satisfies the shear condition J∇ok = ∇ot = 0.
Furthermore, as ∇kt = − w′w2 k¯ and ∇tk = 0, condition (18) also holds. Thus all
conditions of subsection 3.3 hold, so that (15) and therefore (12)i) hold. Thus
by Theorem 1, J is integrable. Also all conditions in Definition 4.1 hold, so
(R×N, g,k, t) is therefore admissible.
To complete the proof, we apply Theorem 3 to show that g induces a Ka¨hler
metric on R×N . Recalling the definition of ι in (4), observe that (up to sign),
ι of k in (R×N, g) is related to that of k¯ in (N, g¯) by
ι = g(∇yk,x )− g(∇xk,y) = 1
w
ι¯ < 0. (35)
Now choose f(t) = et. Since w′/w > −1 and G = −ℓ = −1,
fι = etι < 0, f ′G/ℓ− f(w′/w)g(k, t) = −et(1 + (w′/w)) < 0,
so that gK = d(e
t
k
♭)(·, J ·) will be a Ka¨hler metric on all of R×N . 
In [2] it will be shown that (for other functions f(t)) one can produce Ka¨hler-
Einstein metrics from this construction.
By Lemma 2.5, this result immediately yields:
Corollary 9.1. Let (N, g¯) be a Riemannian 3-manifold and X a unit length
vector field whose flow is complete, geodesic, and shear-free. If Ricg¯(X,X) > 0,
then R×N admits a Ka¨hler metric as in Theorem 5.
We now present some concrete realizations of Theorem 5.
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9.2. A Ka¨hler metric via the direct product on R×S3. Let g¯ denote the
standard round metric on the 3-sphere S3. On S3, let k¯ denote the unit length
Killing vector field tangent to the Hopf fibration. By Lemma 2.6, the flow of k¯
is geodesic and shear-free in (S3, g¯), and its twist function ι satisfies
ι2 = 2Ricg¯(k¯, k¯) = 2.
Applying Theorem 5 with w = 1, k = ∂t + k¯, and t = ∇t, we conclude that
(R× S3,−dt2 ⊕ g¯,k, t) is admissible and induces a Ka¨hler metric on R× S3. It
will turn out that this Ka¨hler metric, defined with f(t) = et, is flat (see [2]).
9.3. A Ka¨hler metric on de Sitter spacetime. Four-dimensional de Sit-
ter spacetime is the warped product (R × S3r,−dt2 + w2g¯), where w(t) =
r2 cosh2(t/r) and r > 0 is the radius of S3r. This metric is both globally hyper-
bolic and geodesically complete (see [7, p. 183-4]). For r ≥ 2, w′/w > −1 on
the entire manifold (if r < 2, then on an open subset). Thus, with k = ∂t+ k¯/w
and t = ∇t, Theorem 5 applies.
9.4. Ka¨hler metrics on R × R3. Using Theorem 5 once again, a family of
Ka¨hler manifolds will now be constructed on R4 out of the following distin-
guished class of Lorentzian 4-manifolds:
Definition 9.2. A four-dimensional standard pp-wave is the Lorentzian man-
ifold (R4, g) with coordinates (u, v, x, y) and with g given by
g = H(u, x, y)du ⊗ du+ du⊗ dv + dv ⊗ du+ dx⊗ dx+ dy ⊗ dy, (36)
for H smooth. If H is quadratic in x and y, then (R4, g) is called a plane wave.
Standard pp-waves originated in gravitational physics and have been intensely
studied therein; see, e.g., [24] and [33], as well as [18] and [7, Chapter 13]. They
are distinguished by the fact that ∂v = ∇u is a parallel null vector field. Now
let k, h : R4 −→ R be two smooth functions independent of v and consider the
following null vector field z on (R4, g):
z :=
1
2
(
H + k2 + h2
)
∂v − ∂u + k∂x + h∂y . (37)
Observe that ∂v and z are pointwise linearly independent, that g(∂v , z ) = −1,
and finally that the pair of vector fields
x := k∂v + ∂x , y := h∂v + ∂y (38)
are orthonormal and span the distribution H = span(∂v, z )⊥, which is spacelike
Note also that the twist function of z does not, in general, vanish, as ιz is
g(z , [x ,y ]) = g(z , (−ky + hx)∂v) = ky − hx. (39)
Because ∂v = ∇u, the hypersurfaces Su := {u = const.} are integral submani-
folds of the orthogonal complement ∂⊥v ⊂ TR4; because ∂v is null, it is tangent
to these submanifolds. Now fix any u0 and consider the hypersurface Su0
∼= R3
with global coordinates {v, x, y}. Set
k¯ := ∂v |Su0 , x¯ := x |Su0 , y¯ := y |Su0 (40)
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and define a Riemannian metric g¯ on Su0 , by giving its orthonormal coframe
{k¯♭¯, x¯ ♭¯, y¯ ♭¯}, which is g¯-dual to {k¯, x¯ , y¯}. It is given by
g¯(k¯, ·) := −g(z , ·)∣∣
Su0
, g¯(x¯ , ·) := g(x , ·)∣∣
Su0
, g¯(y¯ , ·) := g(y , ·)∣∣
Su0
, (41)
so that {k¯, x¯ , y¯} is a global orthonormal frame for (R3, g¯). (This Riemannian
metric is derived from a well-known construction; see, e.g., [24].) We now have:
Proposition 9.3. On (R3, g¯) with g¯ given by (41), the vector field k¯ given in
(40) is a unit length Killing vector field. If hx − ky is nowhere vanishing and
w is a smooth positive function satisfying w′/w > −1, then (R × R3,−dt2 +
w2g¯, k¯/w + ∂t,∇t) is admissible and induces a Ka¨hler metric on R4.
Proof. We first show that k¯ is a unit length Killing vector field, via Lemma 2.6.
That k¯ has unit length with respect to g¯ is clear, since g¯(k¯, k¯) = −g(z , k¯) = 1.
Letting ∇ denote the Levi-Civita connection of (R3, g¯), it follows in particular
that g¯(∇
k¯
k¯, k¯) = 0. Next, observe that
g¯(∇
k¯
k¯, x¯ ) = −g¯(k¯, [k¯, x¯ ]) = g(z , [∂v ,x ])
∣∣
Su0
= 0,
where we have used [k¯, x¯ ] = [∂v,x ]
∣∣
Su0
because [∂v ,x ] is tangent to S, and also
[∂v,x ] = 0. Likewise, g¯(∇k¯k¯, y¯) = 0, so that ∇k¯k¯ = 0, hence k¯ has geodesic
flow in (R3, g¯). That k¯ is both divergence-free and shear-free is similarly deter-
mined. Being unit length, geodesic, divergence-free, and shear-free, it follows
by Lemma 2.6 that k¯ is a unit length Killing vector field on the Riemannian
3-manifold (R3, g¯). Finally, we show that the twist function of k¯ is nowhere
vanishing, provided that ky 6= hx at any point. This follows from our particular
choice of z , namely, that its twist function is nowhere vanishing:
ι¯ := g¯(k¯, [x¯ , y¯ ]) = −g(z , [x ,y ])∣∣
Su0
= (hx − ky)
∣∣
Su0
. (42)
Applying now the contents of Theorem 5, the proof is complete. 
Some of the Ka¨hler metrics induced by such “truncated” pp-wave metrics as
in this proposition, as well as some of those induced directly from plane waves
(see next section), are shown in [2] to be central metrics [25]. More precisely,
the determinant of their Ricci endomorphism vanishes.
9.5. Complete induced Ka¨hler metrics. We show here that one can in
some instances obtain complete Ka¨hler metrics via the construction of Theo-
rem 5. To this end we employ the following proposition [13], whose proof is an
application of the Hopf-Rinow Theorem.
Proposition 9.4. Given a complete submanifold N of a Riemannian manifold
(M,h), closed as a subset of M , assume geodesics normal to N are complete,
while minimizing geodesics emanating from N in normal directions cover M .
Then M is complete.
To proceed we choose a compact 3-manifold N with the properties in Theorem 5
and consider on M = N × R a Ka¨hler metric gK induced according to that
theorem but defined via an arbitrary function f . Its domain is then computed
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(via Theorem 3, the sign information for ι¯ and w along with (35), Remark 4.2
and (34)) to be
f > 0, (fw)′/w > 0. (43)
We wish to apply Proposition 9.4 to a t-level set, which will also be denoted
N .
We consider integral curves of∇Kt. First, since gK(∇Kt, t) = dt(t) = g(∇t, t) =
g(t, t) = −1 and similarly gK(∇Kt,k) = 1, while dt(H) = 0, we see that
∇Kt = 1
c
(k − t) for c = gK(k,k) = (fw)′/w,
where the formula for c is obtained via Remark 4.2. Thus ∇Kt is a vector field
without zeros (as it should be since t has no critical points as t = ∇t has no
zeros). Since t has no critical points and its level sets are compact, any point on
them is connected to the level set N by an integral curve of ∇Kt. Now from the
fact that k, t, along with g-orthonormal x , y lying in H form a gK-orthogonal
frame one computes using the Koszul formula that.
∇Kkk =
c′
2c
(k + t) + w−1w′t, ∇Kt t = −
c′
2c
(k + t)− w−1w′k,
∇Kk t =
c′
2c
(t− k)− w−1w′k, ∇Kt k =
c′
2c
(t − k) + w−1w′t.
Therefore
∇K∇Kt∇Kt =
1
c
(
dk−t
(
1
c
)
(k − t) + 1
c
∇Kk−t(k − t)
)
=
1
c
(−2c′
c2
(k − t) + 1
c
(
−w
′
w
(k − t) + c
′
c
(k − t) + w
′
w
(k − t)
))
= − c
′
c3
(k − t)
= − c
′
c2
∇Kt.
In other words, ∇Kt is a gK-pre-geodesic vector field. Its integral curves, which
are gK-normal to the t-level set N are thus unparameterized gK-geodesics. We
now check their completeness, which will depend on the function c.
Let x˜(t˜) be the given parametrization of such an integral curve. Reparametriz-
ing it to x(t) via t˜ = ψ(t) (for our given function t), we clearly have 1 =
d
dtt = dx′t = gK(x
′,∇Kt) = ψ′(t)gK(∇Kt,∇Kt), so that the arclength is just the
square root of
gK(x
′(t), x′(t)) = gK(ψ
′(t)∇Kt, ψ′(t)∇Kt) = gK(∇Kt,∇Kt)−1
=
(
1
c2
gK(k − t,k − t)
)−1
=
c
2
.
Now choosing, for example, f = 1 and w an exponential (which satisfies (43)),
then c is a constant, so that
∫ √
c/2dt diverges on the real line, and thus the
integral curves of ∇Kt (which are now parameterized geodesics) are complete.
Moreover, fixing in particular c = 2, we have gK(∇Kt,∇Kt) = 1, so that t
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is a global distance function in the sense of [30, Ch. 5, Lemma 10]. The
cited lemma in turn shows that the length of integral curves of ∇Kt realize
the metric distance function between points. Thus these integral curves, are
minimal geodesics normal to N covering M . Applying Proposition 9.4, we see
that M is complete in this case.
Another view of gK , which shows that completeness follows just from the inte-
gral condition above, is the following. Namely, let kˆ denote the 1-form that is
1 on k and zero on the other frame fields, and have tˆ, xˆ , yˆ , where x , y form an
oriented orthonormal frame for H, denote analogous 1-forms. Similarly denote
by ˆ¯k the pull-back from N of the one-form dual in the same sense to k¯. Now
dt = kˆ − tˆ, while (kˆ + tˆ)(k¯/w) = 2 so that the Ka¨hler metric takes the form
gK = c(kˆ
2
+ tˆ
2
)− fι(xˆ 2 + yˆ2)
= (c/2)((kˆ − tˆ)2 + (kˆ + tˆ)2)− fι(xˆ 2 + yˆ2)
= (c/2)(dt2 + (2wˆ¯k)2)− fw−1ι¯(xˆ 2 + yˆ2).
It follows that gK has the form ds
2 + gs where s =
∫ √
c/2 dt and gs form a
family of metrics on N . When N is compact, such metrics are complete on
I ×N if I = (inf s, sup s) = R (cf. [3, Lemma 33]).
10. A Ka¨hler metric induced by a gravitational plane wave
In Proposition 9.3 we used three-dimensional submanifolds of pp-waves to con-
struct Ka¨hler metrics on admissible four-dimensional Lorentzian warped prod-
ucts. Key to this construction was the null vector field (37) of a pp-wave,
which was used to define the Riemannian metric (41). In this section we will
construct a Ka¨hler metric which will be induced directly from a an admissi-
ble 4-dimensional pp-wave (in fact, a plane wave), without first constructing a
Riemannian metric on a hypersurface.
Thus, let (R4, g) be a standard pp-wave as in Definition 9.2, with g given by
(36) and with the function H(u, x, y) to be determined. Recall that ∂v = ∇u
is a parallel null vector field.Consider once again the vector fields z ,x ,y given
by (37) and (38). Their covariant derivatives are given as follows:
∇xz =
(
kkx + hhx
)
∂v + kx∂x + hx∂y,
∇yz =
(
kky + hhy
)
∂v + ky∂x + hy∂y,
∇zx =
(
−ku − Hx
2
+ kkx + hky
)
∂v,
∇zy =
(
−hu − Hy
2
+ khx + hhy
)
∂v.
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Now we observe that g(∇z z , ∂v) = g(∇z z , z ) = 0, so that z is geodesic if and
only if the following two conditions are satisfied:
g(∇z z ,x ) = 0 ⇒ −ku − Hx
2
+ kkx + hky = 0,
g(∇z z ,y) = 0 ⇒ −hu − Hy
2
+ khx + hhy = 0.
(44)
Meanwhile, the twist function (up to sign) and shear coefficients of z are
ιz = ky − hx , σz = 1
2
(hy − kx) + i
2
(ky + hx), (45)
where the shear is written here in complex notation. To construct a Ka¨hler
metric in accord with Theorem 3, we will use J := Jg,z ,∇u, with Jx = y , Jy =
−x . It is now straightforward to show that if k, h,H are all functions of x, y
only, then (R4, g, z , ∂u) is admissible, and z is geodesic, if and only if k+ ih is
holomorphic and the harmonic function k satisfies
kkxy + 2kxky + hkyy = 0. (46)
That such k, h,H exist is the subject of the following:
Proposition 10.1. Let (R4, g) be a pp-wave with H(u, x, y) = −x2 − y2 and
let z be the null vector field (37) with k(u, x, y) = −y and h(u, x, y) = x. Then
(R4, g, z ,∇u) is admissible and induces a Ka¨hler metric on R4.
Proof. That z and the parallel field ∇u are shear-free is easily verified, as
is (16)a) for both of them and (17) in Remark 3.5. Finally, condition (18)
follows easily because ∇∂vz = ∇z∂v = 0. Thus (12) holds. Next, ∇u is null
and gradient, z is null and g(∇u, z ) = −1 while G = −1. In particular on
H := span(∇u, z)⊥ g is spacelike. Thus (R4, g, z ,∇u) is admissible. Now set
f = eu and note that ιz = ky − hx = −2. That gK = d(euz ♭)(·, J ·) is Ka¨hler
now follows from Theorem 3:
fι = −2eu < 0 , f ′G/ℓ = −eu < 0,
as required. 
It can be shown that z is gK-conformal (in fact gK-homothetic) while ∇u is
gK-Killing.
11. Ka¨hler metrics on Petrov type D spacetimes
Thus far our examples of Ka¨hler metrics have all originated from admissible
Lorentzian 4-manifolds, in the sense of Definition 4.1, that were either warped
products or plane waves, or else they induced Ka¨hler SKR metrics. In this
section we present two examples of Lorentzian 4-manifolds that fall outside the
admissible category, and a third admissible one. These examples belong to
an important class of Lorentzian 4-manifolds, those of Petrov Type D, which
includes the Kerr spacetime.
The relationship between such spacetimes and Ka¨hler geometry was considered
in [17]. There, Flaherty described the complex structure we employ for NUT
spacetimes below (with Schwarzschild spacetime as a special case), but, for
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technical reasons, not the one we find for the Kerr metric. This Kerr almost
complex structure can be shown to be integrable either via Theorem 2, applied
to a certain null tetrad, or via Theorem 1 using another, more natural frame.
Flaherty did not construct Ka¨hler metrics out of the genuine complex structures
he found, since he did not regard the latter as useful to Physics. He was not
satisfied with their split-adjoint character mentioned in the introduction, and
showed that they are not invariant under certain Lorentz transformations.
Consequently, he developed an ingenious alternative modification of the com-
plex analytic treatment of spacetimes of Petrov type D. He extended the
definition of an almost complex structure to allow it to take values in the com-
plexified tangent bundle, and defined such a structure using null tetrads. He
then showed that for this modified version integrabiliy holds in the Ricci flat
case if and only if the spacetime is of Petrov type D. From this he showed
that any such spacetime is conformal to a modified-Ka¨hler metric, meaning a
metric that is Ka¨hler with respect to the modified almost complex structure;
but the conformal factor may be complex, so that this modified-Ka¨hler met-
ric may be complex, in the sense of being defined on the complexified tangent
bundle. When they are in fact real, these modified-Ka¨hler metrics, which have,
of course, Lorentzian signature and are in fact of type D themselves, turn out
to be of a rather restrictive type, as they are all local products. But complex
modified-Ka¨hler metrics have a more varied structure and were related to other
“complex spacetimes” that were studied at the time.
In comparison, here we stick with genuine almost complex structures and
Ka¨hler metrics associated to Kerr, conformally Kerr and NUT spacetimes. The
cost of this choice is that the Lorentzian metric and its associated Ka¨hler metric
are not simply conformal to each other, but are related in more complicated
manner.
11.1. Ka¨hler metrics for Lorentzian metrics of Petrov type D. As is
well-known, by the Goldberg-Sachs Theorem [20] (see also [29, Chapter 5]), a
Lorentzian metric of Petrov type D admits two null geodesic vector fields which
are both shear-free. Even when these satisfy the conditions of Theorem 1, nei-
ther one may be gradient, or even near-gradient in the sense of Definition 4.1(ii).
Thus they do not give rise to an admissible manifold as in Definition 4.1, and
one cannot form with them Ka¨hler metrics with symplectic form (19). How-
ever, if one takes k+ to be one of these geodesic fields, and k− a pre-geodesic
field which is a function multiple of the second, it is still possible to form very
similar Ka¨hler metrics, as the following proposition shows:
Proposition 11.1. Let g be a Petrov type D metric on an oriented 4-manifold,
with null shear-free vector fields k±, with k+ geodesic, k− pre-geodesic and
g(k+,k−) < 0. Assume also that J := Jg,k± is an admissible complex structure.
Set p := 1/
√
−g(k+,k−). Suppose u is a smooth function onM and f a smooth
positive function defined on the range of u, for which ∇(f(u)/p) ∈ Γ(V) for
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V = span(k+,k−). Then
gK = d(f(u)pk
♭
+)(·, J ·)
is Ka¨hler in any region where ιk+ < 0 and dk+(f(u)p) < 0.
Proof. Setting k˜± := pk±, note that g(k˜+, k˜−) = −1 and ∇k˜+k˜+ = (dk+p)k˜+,
so that k˜+ is null pre-geodesic. Observe also that Jg,k˜± = Jg,k± . Now consider
ω := d(f(u)k˜
♭
+). For the usual orthonormal frame x ,y on H, it follows from
a calculation as in Theorem 3 that ω(k˜+,x ) = ω(k˜+,y) = 0, and similarly
ω(x ,y) = −fpιk+ , and
ω(k˜+, k˜−) = −
(
f ′du(k˜+) + fdk+p
)
.
Thus ω will be symplectic if f(f ′du(k˜+) + fdk+p)ι
k+ 6= 0.
For J-invariance of ω, again the crucial test is when one vector field lies in V
and the other in H. Since we know it vanishes for the null pre-geodesic vector
field k˜+ and a vector field in H, we need to show it also for k˜− and such a
vector field. As in Theorem 3, we calculate, noting that g([k−,x ],k+) = 0 as
usual, and relying on the constancy of g(k˜+, k˜−):
ω(k˜−,x ) = −f ′du(x )g(k˜+, k˜−) + f(−g([k˜−,x ], k˜+))
= f ′du(x ) + fp(dxp)g(k−,k+) = f
′dxu− f(dxp)/p.
Vanishing of this follows if dx (log f(u)) = dx (log p). Vanishing for any x with
values in H will thus hold if log(f(u)/p), or equivalently f(u)/p, has a vertical
gradient.
Tameness of J in the region specified by the inequalities in the theorem
follows from the above calculations of ω(x ,y) (note that f , p are positive)
and ω(k˜+, k˜−), where for the latter we note that −(f ′du(k˜+) + fdk+p) =
−(f ′p du(k+) + fdk+p) = −dk+(f(u)p) must be positive. 
Note that k˜± satisfy the conditions of Theorem 2, rather than Theorem 1.
Remark 11.2. Note that Remark 3.3 applies here, while Remark 4.3 follows
analogously, so that gK of Proposition 11.1 is ambihermitian.
11.2. A Ka¨hler metric on Kerr spacetime. The Kerr spacetime can be
partitioned in the form M = M ′ ∪ Σ ∪ M ′′, where M ′, M ′′ are open sub-
manifolds, and Σ is a totally geodesic hypersurface called the equatorial plane,
which contains a cylinder called the ring singularity, where the Kerr metric g is
singular. We construct a Ka¨hler metric gK on a subset of M
′, in the case where
the Kerr spacetime is rapidly rotating, a status determined by an inequality
between the two constant parameters in g. A similar Ka¨hler metric can be
constructed on a subset of M ′′ if the complex structure we choose is changed
by a minus sign on a distribution denoted H and described below.
The Kerr metric is initially defined in an open subset of M := R2 × S2. In
coordinates {t, r, ϑ, ϕ}, with 0 < ϑ < π and 0 ≤ ϕ ≤ 2π, the Lorentzian metric
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g has components
gtt = −1 + 2mr
ρ2
, grr =
ρ2
∆
, gϑϑ = ρ
2, (47)
gϕϕ =
[
r2 + a2 +
2mra2 sin2 ϑ
ρ2
]
sin2 ϑ , gϕt = gtϕ = −2mra sin
2 ϑ
ρ2
,
all other components being zero, with a, m positive parameters and
ρ2 := r2 + a2 cos2 ϑ , ∆ := r2 − 2mr + a2. (48)
We observe in passing that while the limiting case a = 0, in which one recovers
the Schwarzschild spacetime, is a warped product with fiber a 2-sphere, the
Kerr metric itself is not warped in this manner. Kerr spacetime is designated
as rapidly rotating if a > m, where the parameter m corresponds to the mass,
and a to the angular momentum per unit mass of the spherical body or black
hole being modeled by the Kerr metric. In particular, note that if a > m then
∆ has no real roots. Our choice of the rapidly rotating version is made for
convenience only, to simplify the singular domain of the metric.
The Kerr metric is an example of a Ricci-flat Lorentzian 4-manifold of Petrov
Type D (as defined in [31]). As mentioned earlier, by the Goldberg-Sachs
Theorem [20] (see also [29, Chapter 5]), this implies that it has two geodesic
and shear-free null vector fields, which we denote by k±. In the standard
coordinate frame {∂t, ∂r, ∂ϑ, ∂ϕ}, they are given by
k± := ±∂r + r
2 + a2
∆
∂t +
a
∆
∂ϕ (49)
(see [29, p. 79ff.]), which are everywhere linearly independent.
We consider as usual the almost complex structure J := Jg,k± . The orientation
is fixed by choosing on the spacelike distribution H = span(k+,k−)⊥, the
orthonormal pair
E2 :=
1
ρ
∂ϑ , E3 :=
1
ρ sinϑ
∂ϕ +
a sinϑ
ρ
∂t (50)
and taking JE2 := E3, JE3 := −E2. (The notations E2, E3 conform to the
notation found in [29], which we reference below.)
As mentioned in subsection 11.1, our setup is not admissible in the sense of
Definition 4.1: neither k± can be expressed as proportional to a gradient, nor
is g(k+,k−) constant. To construct Ka¨hler metrics, we will apply Proposition
11.1.
To verify integrability of J , we check the conditions of Theorem 1. Now k± are
shear-free, and conditions (i) of Theorem 1 hold because
[k±, E2] = ∓ r
ρ2
E2 , [k±, E3] = ∓ r
ρ2
E3, (51)
as can be easily verified using [29, p. 95-6].2
2Note that on p. 95 of [29], there are two occurrences of “r/
√
ε∆(E0±E1)” which should
in fact be “ρ/
√
ε∆(E0 ± E1),” with ρ given by (48). Also, on p. 96 of [29] the Lie bracket
[E2, E3] should equal “−r
√
ε∆ ρ−3E3,” not “−r
√
ε∆ ρE3.”
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Next, one easily calculates that g(k+,k−) = −2ρ2/∆ < 0, so that
p :=
√
∆
2
1
ρ
·
Note that p is a function of only r and ϑ. Let u = eh(r)p, with h to be
determined later, and f(u) = u, which is positive on the (positive) range of u.
The conditions of Proposition 11.1 we want satisfied can be written in the form
[∇ log(f(u))]H = [∇ log p]H
dk+ [log(f(u)p)] < 0
(52)
Now the inverse matrix to that of g has the nonzero components at the same
entries as those of g, and grr = 1/ρ2 > 0. Thus ∇h(r) = grrhr∂r, which
lies in V . Thus the first condition in (52) is automatically satisfied, since
log f(u) = log p+ h(r). The second condition is just
dk+(h) = hr < −2dk+ log p = −(log(p2))r
= (log ρ2)r − (log∆)r = (2r/ρ2 − 2(r −m)/∆).
As 1/ρ2 > 1/(r2+a2+1), this will be satisfied at any point of M −Σ for which
r > 0 if h(r) = ha,m(r) is given by
h(r) = log
(
r2 + a2 + 1
∆
)
.
The function ι, which is, up to sign, the twist function of k+, is given (cf. [29])
in the ordered basis E2, E3, by
ι =
2a cos ϑ
ρ2
· (53)
Thus ι vanishes only on the totally geodesic hypersurface Σ given by ϑ = π/2,
known as the “equatorial plane” (a plane is gotten by also fixing a value of t).
Hence ι will be negative “below” it, so that
gK = d(e
h(r)p2k♭+))(·, Jg,k± ·) = d
(
r2 + a2 + 1
ρ2
k
♭
+
)
(·, Jg,k± ·) (54)
is a Ka¨hler metric on the set
M ′ ∩ {r > 0}, where M ′ := {(t, r, ϑ, ϕ) ∈ R2 × S2 |π/2 < ϑ < π}.
Note that Dixon describes in [16] a Ka¨hler metric which is obtained by a type
of Wick rotation of the Kerr metric, also not defined on the whole spacetime,
and whose Ka¨hler form was given earlier in [4]. He also showed this metric is
in fact ambitoric, and studied its domain and asymptotic behaviour near the
singular sets, including the non-rapidly rotating case.
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11.3. A Ka¨hler metric on NUT spacetime. As noted above, Kerr space-
time is a Ricci-flat Lorentzian 4-manifold of Petrov type D. All such 4-
manifolds have been classified in [22, 23]; there are fourteen such metrics, each
containing between one and four independent parameters. Among these are
the three NUT spacetimes (Newman-Unti-Tamburino), which were invented as
generalizations of the Schwarzschild spacetime, and are also limiting cases of
the Kerr-NUT spacetimes. The NUT spacetime we consider is given in [22] in
local coordinates {u, r, x, y} by
guu = −|ρ|2(r2 − 2mr − l2) , gur = −1 , gry = 2l cosx,
guy = 2|ρ|2l cos x(r2 − 2mr − l2) , gxx = r2 + l2, (55)
gyy = −|ρ|2(r2 − 2mr − l2)(4l2 cos2x) + (r2 + l2) sin2x,
all other components being zero, with ρ := −1/(r+il) and l a positive constant
((55) is equation (3.47) in [23] with a = 0; note that [23, 22] work in metric
index 3, so (55) is minus that which appears in [23]). NUT spacetime is Ricci-
flat and topologically an open subset of R2×S2, with x, y playing the roles that
ϑ,ϕ played in Kerr spacetime, respectively. Its two shear-free null vector fields
are
k+ := ∂r , k− := ∂u − 1
2
|ρ|2(r2 − 2mr − l2) ∂r,
with k+ geodesic, k− strictly pre-geodesic. The twist function ι
k+ of k+ is
ιk+ = −2Im(ρ) = − 2l
r2 + l2
,
which, in contrast to Kerr spacetime, is globally nowhere vanishing. The or-
thonormal pair E2, E3 (as in (50)) are given in [23], where they are combined
into a complex-valued vector field,
m :=
1√
2
(E2 − iE3) = − ρ¯√
2
(
2il cot x ∂u + ∂x + i csc x ∂y
)
.
With this data, and choosing u = −r, f(u) = eu = e−r, the conditions of
Proposition 11.1 (with p = 1) can now be verified, the details of which we forego
here. Hence gK = d(e
−r
k
♭
+)(·, J ·) will be a Ka¨hler metric on the entire domain
of NUT spacetime lying in S2 × R2. This is in contrast to the Ka¨hler metric
induced from Kerr spacetime that we constructed in the previous subsection.
11.4. A conformally Kerr metric and its induced Ka¨hler metric. Our
final Petrov type D example is in fact conformal to Kerr spacetime, and its
associated almost complex structure will be defined with respect to the frame of
the form {k+, E˜2, E˜3, ∇˜r} instead of the frame {k+, E2, E3,k−}. Let g denote
the metric (47) above, and recalling (48), define
g˜ :=
∆
ρ2
g. (56)
With this conformal factor, the gradient ∇˜r = ∂r has g˜-unit length and there-
fore g˜-geodesic flow. Furthermore, g˜(k, ∇˜r) = 1, where henceforth in this
39
example we drop the subscript “+” from k+. The vector fields E2, E3 in (50)
still span H = span(k, ∇˜r)⊥, but are here modified to have g˜-unit length:
E˜2 :=
ρ√
∆
E2 , E˜3 :=
ρ√
∆
E3. (57)
Observe that k has pre-geodesic flow with respect to g˜:
∇˜kk = 2
(
r −m
∆
− r
ρ2
)
k. (58)
Using [29, p. 95-6], it is verified that k and ∇˜r are both shear-free. On the
other hand ∇˜r is geodesic of length one. With the almost complex structure
J˜ := J
g˜,k,∇˜r
, Definition 4.1 is verified to yield admissibility (the Lie bracket
relations are verified by checking the conditions in subsection 3.3). We now
find a Ka¨hler metric gK = d(f(r)k
♭)(·, J˜ ·) on the regionM ′\{r = 0}, whereM ′
is given in (54). To do so, first note that the twist function of k is conformally
invariant. Thus the corresponding function ι˜, when computed in the ordered
basis E˜2, J˜E˜2, is given by (53), and in particular is negative on M
′. Finally,
setting f = e−h(r), for h(r) :=
∫ r
r0
q(x) dx with r0 a constant and
q(r) = 2(r −m)/(r2 − 2mr + a2)− 2/r,
the conditions of Theorem 3 hold (note that q(r) is only defined for r 6= 0).
12. A Lie group example with vector fields which are not
shear-free
Consider the 4-dimensional solvable real Lie algebra g with ordered basis k,
t, x , y defined by the following Lie bracket relations, where we list only the
non-zero ones (up to permuting entries):
[k,x ] = y , [t,y ] = y , [t,k] = k, [x ,y ] = y + rk, (59)
with r a nonzero real constant. Four dimensional solvable Lie algebras have
been classified using symbolic software, cf. [12] (note that we are choosing
a slightly different form for the bracket relations, isomorphic to one of the
canonical normal forms given there).
By Lie’s third fundamental theorem, there exists a Lie group Ĝ whose Lie
algebra is g, and one can take it to be simply connected, as we do. The left
invariant vector fields of Ĝ give a realization of this Lie algebra, and we will
denote the left invariant vector fields corresponding to the above generators by
the same letters.
Define a Lorentzian metric g on Ĝ by choosing an inner product on g making
the above four vectors orthonormal, with g(k,k) = −g(t, t) = 1, and then
extending it to the tangent bundle of Ĝ as a left-invariant metric. Then one
easily checks that
g([k,H],k) = g([t,H], t) = g([k,H], t) = g([t,H],k) = 0,
where H = span(x ,y). Similarly, one also has
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g([k,x ],y ) + g([k,y ],x ) = 1, g([k,y ],y)− g([k,x ],x ) = 0,
g([t,x ],y) + g([t,y ],x ) = 0, g([t,y ],y)− g([t,x ],x ) = 1. (60)
so by (3), relations (60) give
σk1 = −σt2 = 0, σk2 = σt1 = −1 6= 0,
so that the shear operators of k and t are nonzero and J∇ok = ∇ot, where
J = Jg,k,t is the corresponding admissible almost complex structure (with
orientation compatible with the choice y := Jx ). As the conditions of Theorem
1 hold, J is integrable.
Next, the twist function of k is
|ι| = |g(k, [x ,y ])| = |r| 6= 0,
so that the sign of ι is fixed by the choice of r.
Since g(k,k) and g(k, t) are constant, Theorem 3 will show that we can define a
Ka¨hler metric on a region of Ĝ to be determined, once we show t is a g-gradient.
By (59), the orthogonal complement of t is integrable. If the constant length
vector field t is also geodesic, then one can easily see that t♭ is closed, hence t is
locally gradient, and by simply connectedness of Ĝ, in fact globally a gradient.
Thus, it remains to show that t is geodesic.
As t is a left invariant vector field, ∇tt = −ad∗t(t), (see [11, Proposition 3.18]),
where ad∗t denotes the metric adjoint of the differential at t of the adjoint
representation. As this differential is given by the Lie bracket with t, it follows
from (59) that g(t, [t, ·]) vanishes on the left invariant orthonormal frame k, x ,
y , t of Ĝ, so that ∇tt = 0. Thus t = ∇τ for a function τ on Ĝ.
By Theorem 3, Ĝ admits Ka¨hler metrics of the form (20), with Ka¨hler form (19),
on the region of Ĝ in which fι < 0 and f ′G/ℓ− f(g(∇kk, t)− dt(g(k,k))/2) =
−f ′− f < 0. Thus chosing f(τ) = eτ and r < 0, the induced Ka¨hler metric gK
will be defined on the entire Lie group Ĝ.
One can check easily that k is not geodesic, strictly pre-geodesic or Killing, so
that g, while admissible, does not have these geometric features, which appear
regularly in many of our other examples.
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